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Complex Numbers

INTRODUCTION

Complex numbers are an extension of the real numbers designed to solve equations
that have no solutions within the realm of real numbers. The history of mathematics
shows that man has been developing and enlarging his concept of number according
to the saying that “Necessity 1s the mother of invention”. In the remote past they started
with the set of counting numbers and invented, by stages, the negative numbers,
rational numbers, irrational numbers ete. Since square of a positive as well as negative
number 15 a positive number, the square root of a negative number does not exist in the
realm of real numbers. Therefore, square roots of negative numbers were given no
attention for centuries together. However, recently, properties of numbers involving
square roots of negative numbers have also been discussed in detail and such numbers
have been found useful and have been applied in many branches of pure, applied,
financial and computational mathematics.

1.1 Complex Numbers

The numbers of the form z=a+ibh where a.he T2 and i = J—_l . are called complex
numbers. For example, 3 + 44, 2 %:‘. 7--2i ete. are complex numbers and the set of

all complex numbers is denoted by C

1.1.1 Recognition of Real and Imaginary Parts

Let us start with considering the following equation: Note:

el =0 = x=-l = =z :i‘-"lr'_l Every real number is a complex
V=1 does not belong to the set of real numbers. We, ““mmb” IR St s tnaginacy
therefore, for convenience call it imaginary number ik
and denote it by i (read as iota).
In the complex number z= @ +ib , @ is called real part and # 15 called imaginary part
of the complex number. For convenient, real part is denoted by Re z and imaginary part
by Im z of a complex number z. For example, if z =3 + 44, then

Rez=3and Imz=4.

The product of a non-zero real number and / is also an imaginary number and is

written as 1. Thus 25,—3E.J§:'.—1—21f' are all imaginary numbers.
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Conjugate Complex Numbers: Let z=a+ibbe a complex number, then a — ib is
called the complex conjugate of a + ib. It is denoted by Z . Thus 5— 4/ is complex

conjugate of 5 + 4 and -2 -3/ is complex m A real number is self-conjugate,
conjugate of —2 +34,

1.1.2 Operations on Complex Numbers

With a view to develop alzebra of complex numbers, we state a few definitions.

The symbols a, b, ¢, d, &, where used, represent real numbers,

(1) Addition: (a+ib)+{c+id)=(a+c)+ilb+d)

(ii) Kkla+ib)=ka+ikb

(11} Subtraction: (a+ib)—(c+id) = (a+ib)+[—(c+id)]
=a+ib+{—c—id)y=(a—-c)+i(b—-d)

(iv) Multiplication: (@ + ib)c + id ) = ac + iad + ibe + *bd = (ac — bd) + i(ad + be)

1.1.3 Complex Numbers as Ordered Pairs of Real Numbers

We can define complex numbers also by using ordered pairs.
Let C be the set of ordered pairs belonging to & = 7K which are subject to the
following properties:
(1) (a.b)=(c.d)ye=sa=crhb=d
(i) (a, b)+(c.,d)=(a+c, b+d)
(1ii) (a, b)e, d) = (ac —bd, ad + be)
Then C 15 called the set of complex numbers. [t is easy to see that
(a,P)—(e,dy=(a—c, b—d)
{(iv) If k1s any real number, then &{a,b)= (ka, ib)
Properties (1), (11) and (ii1) respectively define equality, sum and difference of two

complex numbers. Property (iv) defines the product of a real number and a complex
number.

Example 1: Find the sum, difference and product of the complex numbers (8, 9) and
(5.-6)
Solution: Sum=(8+ 5, 9-6)=(13, 3)
Difference = (8 — 5,9 —(—6)) =(5, 15)
Product = (8- 5—(9)(=6), 9-5+(-6)(8))
= (40 + 54, 45 — 48) = (94, -3)
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1.1.4 Properties of the Fundamental Operations on Complex Numbers
It can be easily verified that the set C satisfies all the field axioms i.e., it possesses the
properties of real numbers.
By way of explanation of some points we observe as follows:
(i) The additive identity in C is (0, 0).
(1) Every complex number (@, b) has the additive inverse (-a, —-b) i.e.,

(a, b) +(—a, —b)= (0, 0)

(iii) The multiplicative identity is (1, 0) i.e., (IS T————————
(@, by(1,0)=(a1-50,b1+a0)=(a b). The set C of complex
=(1, 0)(a, b) numbers does not satisfy the

(iv) Every non-zero complex number {i.e., number .mdm a:xic@s. I". gt htre
is no sense in saying that one

not equal to (0,0)} has a multiplicative inverse. her |
The qmulli 1:lia:a:if'«'e im'ers.ep of (a, h) 1s Guttplex I 18 pieeed
p { or less than the other.

i ~h
a+bh a+ b

(2, b) ( za . ]={I,{H, the identity element

al+b b+ bt ,
a -b
=|— = a,b
{a'+h2 ﬂ‘+b2J[ )

(v) (a.b)[(c.d) +(e.f)]=(a.b)c.d) t(a, b)e. f)

Example 2: If z, =(4, 2) and z, =(3,-1), then find 2,
z,

Solution: Given z, :[4, ?.], z, = 3,-1)
Now. 2= (4.2) _4+2i
z, (3-1) 3-i
Multiply the numerator and denominator by the complex conjugate of z, =31,
_A+ & 4+2.='x 3+
L 3-i 3—i 3+i

_ (B3 + @D+ (20G)+(200) _12+4i+6i+2i

& |_1|

(3 -G) 9 ¢
12+10i=2  10+104 s "
= — =1+i el
9—(-1) 10

z y
Thus, L =1+1
<5
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1.1.5 Argand Diagram
Every complex number will be represented by one and only one point of the coordinate plane
and every point of the plane will represent one and only one complex number. The

components of the complex number will be the A
coordinates of the point representing it. In this 4T

: N o 5 3
repn?se?tanﬂn the x: a?:m Ih. called ﬂ.lf., real axis am:l the B(-2,2) 4G.2)
yv-axis 15 called the imagmary axis. The coordinate o 2+ .
plane itselfis called the complex plane or = — plane. The 1+
figure representing one or more complex numbers on  x'e i 3 .2 I ot é 3 L >x
the complex plane 15 called an Argand diagram. The 1+
Argand diagram 1s a way of representing one or more . , £ S

. £-3.-2) 2,-2)

complex numbers on the complex plane. Points on the =8
x-axis represent real numbers whereas the points on the 4t
V-axis represent imaginary numbers. e

In an Argand diagram, the complex number x+ iy is uniquely represented by the order
pair (x, ¥). In Figure (i), the complex numbers 3 +2{, -2+ 2f, -3 —2iand 2 - 2/
correspond to the order pairs (3, 2), (=2, 2), (-3, ~2) and (2, —2) respectively have been
represented geometrically by the point 4, B, C and D.

Modulus of Complex Number: The real number ¥ o
"+ v is called the modulus of the complex number 3/
x+iv and it is denoted by lr+r’y| In Figure (i1), |m| S/ ‘}

X
i
-

i X' / :
represent the modulus of x+iy. In other words, the < ol = M
modulus of a complex number is the distance from the
origin to the point representing the number.

Example 3: If z = %thcn evaluate |z| Ly
(1+2) _1+4i+4" _ 3+di 2+i _ —6-3i+8i+4i’
2§ 2—i  2-1 ¥ PP

—6+5i—4  —10+5i
4—(=1) 3
= Fr=0 4
Taking conjugate

Solution: z =

z=—l-f==24i
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PV~ EXERCISE 1.1 _§

. Simplify the following:
-1
(i) " (iiy i'7 (iii) (=) " (iv) (=12
2. Prove that z=z iff zis real.
For ze €, show that;
; Z+Z i B2
(i) =Re(z) (ii) ——=Im(z)
2
1 = ; 1 =z
(111} EZI =27 (iv) —=—
2 |
4. Find the multiplicative inverse of cach of the following numbers:
(i) (-4.7) (i) (V2.~5) (iif) (1,0)
5.  Separate into real and imaginary parts (write as a simple complex number);
L 2-Ti o (24307 i (443
@ =2 ay 29 Gy L gy 8230
4+ 5 1+i 1+ 4-3
6. Iz, =244z, =3-2,z =1+3ithen express — in the form of a +ib
7. I z;=2+7Tiand z, = -5+ 3i. the evaluate the following:

i) [2za-4z|  G) Pz+2z| i) |7z +2

(i) |(z+2)

1.2  Equality of Two Complex Numbers
The two complex numbers z, =a +hi and z, = c+di are said to be equal iff their real
and imaginary parts are equal i.e., a+bi=c+disa=candb=4d.
Example 4: If (3+2i)(x+iv)=5+12i, where x, ve R, then find the values of x and y.
Solution: Given that (3+2ix+ivy=5+12i

=  3x+3ipt2ix+2f=5+12

= (Bx-20)+(2x+)i=5+12i
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Comparing real and imaginary part, we have

3x—2y=5 (i)
2x+3y=12 ..(i1)

Multiplying equation (i) by 3 and equation (ii) by 2, we have
9x — 6y =15
d4x + 6y =24

Add the equations
Ox—6y+dx+6y=15+24

13x =39
x=3
Substitute x = 3 in equation (i), we have
9q3)-6y=15
-6y ==12
y=2

Thus,x=3,y=2

1.2.1 Square Root of a Complex Number
The square root of a complex number is another complex number that, when squared,
give the original complex number.
Let w= p+giis a square root of a complex number z=x+/y, where p.q.x,ye R,
then w=+/z ...(1), taking square on both sides, we get
wi=z
(p+ig) =x+iy
P +pgi-q =x+iy
Equating real and imaginary part, we have
x=p*—g* ..(ii)
y=2pg . .(iii)
We know that (p* +¢°) =(p’ — gV +4p°q"
Substitute x= p’ —g’, y = 2pg in the above equation, we get
(Pt +@F =xt+)?
= prgt = xt . iv)
From equation (ii) and (iv), we have x= p’ —¢"and p"+¢’ =+[x"+ " . Solving for
the values p and g, we have

Y RS S
2 2
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From equation (iii); v =2 pyg . thus we have
« yp>=0,if p and g have the same sign
» y=0,if pand g have opposite sign
e y=0,ifp=00rg=10

Therefore, the square root of the complex number = = x+ iy is given by
J_=Jx+_fy=:t 1'J,T!+_‘L-'2 +x +E 1,’].1‘2-1-}’." —X
2 vl 2

or J;:i{ Mj +l lzf—_r ] ...(v), where |z]|=4/x" + »* 20 is modulus of z.

2 MY 2

equation (v) is the required formula for square root of complex numbers.

Example 5: Find the square root of complex Ay

number 5 + 12/ and also represent the square =

roots on an Argand diagram. 37 4495
2= L

Solution: Let x+w=5+12i

= y=Sandy=12>0

lz|=[5+12]= 5" +127 =13, e E e R

Al
L

Applying the square root formula for complex 32 =T
numbers., we get 3T
4__
13+5 12 j13-5 vy
5+12i =+ LAY i
2 12|y 2

=+(9 +iv4 J=+(3 +2i)

Thus, the square root of the complex number 5 + 124 are 3 + 2 and -3 — 2/ are shown
m adjacent figure.

PV~ EXERCISE 1.2
| Find the values of x and v in each of the following
(1) x+iv+2-3i=il5-i}3+4)
(i) (x+ioy)1 =)= (2-3i) -5 + 5 —i3/5)

(iii) ——+——=4+5i
2+i 3—i
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i If z, ==13+24i and z.=x+ i, find the values of x and v such that

Find the value of x and v if:

L

(i) (x+iv) =25460i (i) (x+iv) =64+48 (i) x+iyv= _2_,5’3
(1+35)
4. Wz =2+3% and z, =l—a. find the value of @ such that Im(zz,)=7
5, H':! ¥ + 1 and z, =a fi, find x, v, o and b such that zZ, 2= 10+ 4f and
& —Z=0 8
6. Showthat Vz.2,&€C,z z, =z, 2,
7 Find the square root of the following complex numbers:
(i) -7-24i (i) B—o0f (i) —15-36i (iv) 119+ 1204
8.  Find the square root of 13— 204/3i and represent them on an Argand diagram
9. Find the value of x and v if (=7 +iMx+a)+{=1-501=i11-§)
10. Find the value of x and y if (53— 2iWx+iv)+3=0(l11-i)—&
11. Find the values of 1 and v 1f*
(i) (u+iv) =20+21i (ii) (u+iv) =48-10i
12. If z, =4+5f and z, =& —2/, find the value of & such that Re(z z,) =20

1.2 Complex Polynomials as a Product of Linear Factors

A complex polynomial £(z) is a polynomial function of the complex variable = with
complex coefficients. It is expressed in the general form as

P(zy=a,z"+a, 2"+ . .+az+a,
Where @ .a, ....aq.q,are complex numbers (a, #0), and r=0is an integer
representing the degree of the polynomial.
For examples F(z)=(1—-i)z + 3, B(z)=(5 - 4.-'}:? +(2+Hz+ (3—-4i)and
P(z)=(2-i)z"'+2z%+(5+3i) are the examples of linear, quadratic and cubic

complex polynomials respectively, If n= 0, then P(z) becomes a constant polynomial.
A fundamental property of complex polynomials is that they can always be factored
into a product of linear factors.

According to the Fundamental theorem of algebra, a polynomial of degree # =1 has
exactly n roots in complex numbers system C.
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A corollary to this theorem states that any polynomial P(z) of degree n can be factored
completely into a constant @ and » linear factor over C in the form

P(zy=a{z—z,0(z—2,})..(z—2z2,) (1)
where z,z,,...,z are complex roots of the polynomial. Once we know the roots of a
polynomial equation, we can apply equation (1) to factored the polynomial F(z) into »
linear factors. Specifically, if z, and z, are roots of the polynomial equation P(z), then
the equation must be P(z)=(z—zNz—z,). For examples. the polynomial
P(x)=x" +4 consists of real coefficient has no real roots. so it cannot be factored into
linear polynomials with real coefficients. However, if we considered as a complex
polynomial P(z)=z"+4, we can easily be factored into two linear factors as

22 4+4=(24+20(z-2D
where 2i and =27 are the complex roots of z° +4=10
If P(z) is a polynomial function, the values of = that satisfy Piz) = 0 are called the zeros of
the function (=) and roots of the polynomial equation Piz) = (.

Example 6: Factorize the polynomial P(z)=z*+ (1 —-1)z—1.
Solution: P2)=22+(1-Dz—i

=z’ tz—iz—i

=z{z+1)—i(z+1)

=(z+1)(z—i)

Example 7: Factorize the polynomial P(z)=z" —4iz+12
Solution: P(z) =z —4iz+ 12
o L )
2 —4iz—i*12 A
=22 ~ibz + i2z = 12

= z(z — 6i) + 2i(z —6i)

= (z —6i)(z + 2i)
Example 8: Factorize the polynomial P(z) =z" + (1 +i )z* + iz.
Solution: P(z) =2 + (1 + ) ¥ + iz

=z[Z2 + (1 +i)z+1]

=z[Z +z+iz+1]

=z[z{z+ 1)+ H{z+ 1)]

=z[{z+ 1z + )]

=z(z+ |}z + i) are linear factors.
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The Rational Root Theorem is a mathematical tool used to find all possible rational roots of a
polynomial equation with integer coefficients. According to rational root theorem:

If a polynomial P(x}=a s +a_x"'+..4ax+a has integer coefficients, then every rational
oot % (in simplest terms) satisfies;
(i) pris a factor of the constant term @, (i1) g is a factor of the leading coefficient .

Example 9: Factorize the + polynomial P(z) =z — 322 +z + 5.
Selution: According to rational root theorem the possible root of the equation are +|

and £5. On checking, we see that =z =—1 15 the root of the polynomial P(z) because
P(=1)= (-1 =3(-1P + (-1} + 5=0.
So z + 1 is a factor of the P(z). Using synthetic division
| } ]
=1 8 =&
[1 4 6 0
Therefore, 33—3zl+z+5={:+l]{z’—4:+5) .(1)

Next find the factors of z* — 4z + Susing quadratic formula
22 —4z45=0, here p=1,b=—4,¢c=5

(Nt J(4) 45 _416-20 434 422
2

- 2(1) 2 2

= z=2%2i
The quadratic factors are z° —42+5:(z—{2+i]}(z—(2—f)}:(z—i—.f}{:-:—zﬂ'}
Substitutes in equation (1), we have the
=34 z45=(z+1)(2-2-i)(z-2+i)

1.3.1 Solution of Quadratic Equations by Completing the Square

As we learned in previous classes, completing the square is a powerful and systematic
method for solving quadratic equations. This technique involves rewriting a quadratic
equation in the form ax *+ hx + ¢ = 0 into a perfect square trinomial, which can then be
solved by taking the square root of both sides. This method is especially valuable when
the quadratic equation does not factor easily. By completing the square, we can solve
any quadratic equation, even those with irrational or complex roots, making it a more
effective technique in algebra.

Example 10: Solve the equation 222 — 12z + 50 = 0 by completing square method and
hence express it as a product of its linear factors.




Do i -

Solution: 222-12z+50=10

Dividing both sides by 2
F—6z+25=0
= Z=2(3z==25
Add 3% on both sides
Z-2(3)z+3=-25+3
(z—3)=-16
= z—-3=%4-16
= z=314i

Therefore, z=3+4ior z=3—4iare the required complex roots.
Using the corollary of Fundamental theorem of Algebra the equation can be factorized
using the roots 3 + 47 and 3 — 44 as:

22— 12z + 50 =2(22 - 6z + 25)=2(z—(3+4i))(z—(3-4i)) = 2(z-3-4i)(z -3+ 4i)
Hence, 2z° ~122+50=2(z-3-4i)(z -3+ 4i)

¥V~ EXERCISE 1.3 _

|, Factorize the following:

(i) o +4b (i) 94+ 16K* (i) 30+ 37 (iv) 1442 + 2257
(v) #z*—2iz—1 (vi) 22+ 6z+ 13  (vii) 2+4dz+5 (vii) 22" —222+65
2. Factonze the following polynomial into its linear factors
iy Z2+8 (i) 2+27 (i) 22—222+16z-232 (jii) z'+21z°-100
(iv) 2*=16 (i} 2'+32°-4 (iv) z'+52°+6 (v) z'+7z-144
¥, Find the roots of =" + 72" =144=10 and hence express il as a product of linear

factors.

4.  Solve the following complex guadratic equation by completing square method:

(i) 222 =3z+4=0 (i) =z =6z+30=0 (iii) 3z"=18z+50=0
(i) z° +4z+13=0 (i) 2z +6z+9=0 (iii) 3z°=5z+7=0
5.  Bolve the following equations:
Gy 225-32.=0 (ii) 32°-243z =0 (iif) 5255z =0
(iv) 2=522+z=5=0 (v) 4z'-25z"+21=0 (vi} z'+z +z+1=0
6.  Find a polynomial of degree 3 with zeros 3, —24, 2 and satisfying P(1) =20.
7. Find a polynomial of degree 4 with zeros 27, —2i, 1. -1, and satstving
() =240,
#. Find a polynomial of degree 4 with zeros 4, —4, | + i, | — i and satisfying

P(2)=T2
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1.4 Three Cube Roots of Unity .

Let x be a cube root of unity W lnow thid the minbers contaning
i are called Complex numbers. 5o

i ] —

x=(1)

= _1'1':[ —]+J§fm —1- 3!.333 called
= X=1=40 2 - 2
— (x-1DF+x+1) =0 :iplexqumamcubemmuf
Either x-1=0= x=1 '
or Y+x+1=0
R [T N E
2 2
-]+ r
= A= 1_;‘"3} (o N-1=i)
Thus, the three cube roots of unity are:
— 143 143
1, and
2 2

1.4.1 Properties of Cube Roots of Unity
(1) Each complex cube root of unity is square of the other

—lzﬁf = @, then _I_;@= a’

~] ' -1 '

+\E;=m,then +J3i
2 2

(ii) The sum of all the three cube roots of unity is zero ie., 1+ @+ @’=0

If

and if =@’ [w is read as omega]

(iii) The product of all the three cube roots of unity is unity ie. l oo’ =o'=1

1.5 Four Fourth Roots of Unity
Let x be the fourth root of unity

= xt=1
= =1 =0
= =1} +11=0
— X-1=0 = =1 = x=+1

and ¥+ 1=0 =¥=-1=x=%i.
Hence four fourth roots of unity are: 1, —1, 7, —i.
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1.5.1 Properties of four Fourth Roeots of Unity
We have found that the four fourth roots of unity are: 1, -1, +i,—i
(i)  Sum of all the four fourth roots of unity is zero
L+i{-1}+i+ () =0
(i) The real fourth roots of unity are additive inverses of each other
I and —1 are the real fourth roots of unity and 1 +{-1}=0=(-1}+1
(11i) Both the imaginary fourth roots of unity are conjugate of each other
i and —f are imaginary fourth roots of unity, which are obviously conjugates
of cach other.
(iv) Product of all the fourth roots of unity is —1 Le., 1 x (=1} = ix (i) =—1
Example 11: Prove that:(x’ + ") = (x + p)(x + a)(x + e'y)
Solution: R.H.S = (x + »)(x + an)x + &’y
= +))x + (@ + @ + @]
=+ —xp+y) =x'+y {vo=lLw+ea’=-1=LHS,
Hence proved.

PV~ EXERCISE 1.4 _J

Find the three cube roots of:

(i) & (ii) —& (iii) 27 (iv) 64 (v) —625
2. Evaluate:
{1y 1l +{u—{u}ﬁ (1) @+ + 1 (i) (1 +m—(az}(1—m+&?1}
7 T
(iv) [i] + [ﬁ] (v) (1++=3) +(=1-53)°
B Show that: iy =9y =lxr—y¥x—wvXx @ V)

(i) X+y+z -Imz=(x+y+zix+oy+az)x+ o'y + o)
(iii) (1 + @)1 + @)W1 + o)1 + " .... 2n factors = |

4,  Ifwisaroot of x* +x+ 1=, show that its other root is @ and hence prove that
ar =1,

. , . : |4 /3 | =3¢

3.  Prove that complex cube roots of -1 are and :and hence prove

boiid=3 1 | iy § — ——
| |

l§‘m?| | =-2. Prove that (~14 ¥=3)" +(-1-+-3)"=16

&, It &2 15 a cube rool of umty. form an :quuliun whose roots are 2 and 2o
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1.4 Polar Coordinates System
Polar coordinates are often more convenient than
Cartesian coordinates in sifuations involving
circular or rotational symmetry, or when a
problem depends ondistance from a fixed
point and angle relative to a reference direction,
Just as the Cartesian coordinate system uses an
ordered pair (x, v) to describe the position of a
point, the polar coordinate system determines
the position of a point using a directed
distance r from a fixed origin @ (called the pole)
and an angle # that the line connecting the origin
to the point makes with the polar axis (typically
aligned with the positive x-axis).

In polar coordinate system the location of a point

F1 Rectanpular coondmate

P can be described by polar
coordinates in the form (r, &), where » and & are real numbers.

T Polar coordinate

Fr, 0}

b

o

While r 1s typically considered non-negative (r = 0), it
is also possible for » to be negative (¢ < (). The value
of r changes depending on its sign, and this affects the
position of the point in the plane.

When » = 0, the angle # is the measure of any angle in
standard position whose terminal side lies along the
line connecting the origin to the point P, measured
counter clockwise from the polar axis (positive x-axis).

For example, the polar coordinates [ 5.%] represent a

. A T
point 5 units away from pole at an angle of i radians.

[7] Polar axis

=

(&) Polar axis
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When r < 0, the angle ¢ is the measure of any angle
in standard position whose terminal side lies along
the line connecting the origin to the point (2, but the

point (Jis  located || units  in  the opposite /’ ”\:\1

direction (i.e.. #+ ) from the polar axis (positive x- " :}
axis). For example, the polar coordinates . E
s
a ) _ , Q[' 5, :i'J
—5; % J represent a point 5 units away from the
. N T S .
pole, but in the direction of E+;r = T radians.
EI (-5, 74) and (5, 57/4) represent the same point in the plane
1.4.1 Polar Coordinate System of a Complex Number
Consider the adjoining diagram representing the rt A6 8)
complex number z = x+iy. From the diagram, 2 '
B i B
we see that x=rcosfand y = rsiné. where “ y=¢sind
r=|z| is modulus and € is called an argument a
of =, ' Qlx-rcosl M J}f
Hence x+iv=rcosf+irsing (i)
where r=|z|=yx*+ )’ and @=tan"'Z (x#0)
Equation (i) is called the polar form of the .
1 .
Cﬂnlp X number ‘ E We can W.l'.i.'tﬂ: CDEE-FI.E-iDE =L'-I3ﬂ
Example 12: Express the complex number 1+ i3 in polar form.
Salution: Step—1 : Putrcosfl=1 andrcos = B
Step—11 = #* = (1" +(\3) (Notes
= F=1+3=4 : ]fx=ﬂ+y:=l]thcn.ﬂ'=%
= S -
Hﬁ e e [fx=0yp<0thent= =
Step—II1: é#=tan —=tan 3= 60"
Y I v o Ifv=0,v=0then d is undefined.
Thus  1+iv3 =2 cos 60° +i2sin 60°

Principal Argument: The principal argument 8 of a complex number z = a + hi is
the angle between the positive real axis and the line joining (a2, #) to the origin
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in the Argand plane.

b

argz=§@= tfm"[—)

a
It is denoted by arg. It is a single, specific value of the argument, typically chosen
within a standard range: arg z € (-, 7).
1.3.3 Operations on Complex Numbers in Polar Form
Addition and Subtraction of Complex number in Polar form
Let =z, =#(cosd, +isind, )and z, =r(cosd, +isind,)be two complex number in
polar form. The addition and subtraction of two numbers can be computed simply as

2z, +2, =5 (cos@, +ising, )+r,(cosd, +isind,)

and z, -z, =r(cosf, +ising )—r(cosd, +isind,)
Multiplication of Complex number in Polar form
Let z, =r(cosd +ising Jand z,=r(cosd, +isind,)be two complex number in
polar form. The product of two complex numbers can be derived by multiplying them
directly and simplifying
2z, =r(cosd +isind, ) r,(cosd, +isind, )
Z -z, =H-F (cus 8, cosf, +icos, sind, +isind, cosd, + i’ sind, sinf?l)
Z T =FR [{ cosd), cosd, —sinf, sinf, ) + i cosd, sinb, +sind, cosb, R e L |
Zo T A [cus[ 6,+8,)+isin(6,+6,) (Using trigonometric identities)
Thus. multiplying two complex numbers in polar form involves multiplying their

moduli and summing their arguments i.e., arg(z,- z,) = arglz, )+ arg(z,)

Example 13: Find the product of S[ms%d— fsin%) and 4[(:053?}? +isin '32;3 ]

Solution: Let z, =5 cos = +isin= |and z, = 4 -:033—'# +isin L
6 6 ‘ 2 2
Here, ,=5and 6, = % while r, =4 and 6, =3%

=

Substitute this value in the product formula

Z-Z,=¥F [cos[f?, +6, ) +isin(6,+8,)

=5x4 ms(£+§£]+fsin[£+1{] :Eﬂ[cmEHsins—f]
6 2 6 2 3 3

Thus, the required product is 2{}[{.‘-115 S?T +isin % J
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Division of Complex Number in Polar Form

Let z,=#(cosé, +isind )and z,=r(cosd, +isind,)be two complex number in
polar form. The formula for division of two complex numbers in polar formgan he
derived by rationalizing the denominator,

r(cosd, +isind )

h1|r|

. n(cosd, +ising,)

z,  n(cosé +ising) (cosf, —isind,) Multiply and divide the equation
z, n(cosd, +ising,) (cosd, —isin®,) by conjugate of cos#, +isiné,
z, 5 (cos cosd), +sind sind, ) +i(sind, cosd, —cosd sind, )

z, cos’ 6, +sin’d,

i [cos(-‘i—i‘l -8, )+isin(6, -#,) :| (Using trigonometric identitics)
Z F

Thus, the modulus of the division of two complex numbers equals the quotient of
thewr moduli. while the arguments of the guotient 1s the difference between their
arguments.

Thus, when dividing two complex numbers, the modulus of the result is the ratio of
their moduli, and the argument of the result 15 the difference between their arguments

i.c., urg[f—' ]= arg(z,)—arg(z,)

v

- 7 . 3 .
Example 14: Divide 2 cus—x+i51n7—?_r]h}r 2l cos| - Z |+isin| -
7 6 6 5 2 2
2 T T T

2 T 3
Here, ==, 8, =—'T,r1 == gndé B
7 6 5 ° 2

Substitute value in the quotient formula

g H e
;:- = ::I:coﬂ[&‘, -8, )+isin(6, -8, }:I

=§x§[¢us[-’ig—[—i;-]}fsm[lf"[‘%m

=_[c055_:r +¢'sin£J is the required polar form of division of two complex
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Example 15: If z = x + iy, then write the equation |3z—r‘|= |3;+T[ i term of x and v.

Solution: Given IEF—:’I:|3;+ 'a'| 2aiE)

Bz —i|=3(x+iv)—i|=Px+i(3y-1)| =,j(3x11+ (3y-1)°

|3E+?| =

3w+ 3+ ?| = [3x—3iy + 7| =P+ T+i(=3p)| = JBx+ 1) +(=3)°

Substitutes these values in (i)

NGX) +(By=1) ={Gx+7) +(=3y)
Taking square on both sides
(Bx)’ +(3y=1) =(x+7) + (=3’
Ox* + 957 — 6y + 1 = 92" + 425 + 49 + 9"

= —Oy + 1 =42y + 49
== fy =42x + 48
or p=-T&_—-8

The equation y =—7x—8 represents a straight line in the complex plane.

=— for z=x+1iy.

Example 16: Show that (x+2)" + 3 = 8if arg(z s 2{] 2
Z= 4Ll

Solution: 2’+25_x+iy+2f_x+i(_p+2]_x+;'{_};+2] I—i{y—E}
: D=2 X+ iy—2i x+£{y—2} x+:'{_1:-2} x—i(}n—z}

sy z+2:’_(13+}'2—4)+4ff_ X +y' -4 i 4x
z—2i 2+{y-2) 2+H{y=2Y P +(y-2)
As arg[z-lhz;_ ]:3—;{
z—2 -
__Am
1+ "_.2 2
= tan ' xzb—ﬁ} B 1—4-11—=tané?r—=—1
Xty -4 4 x4y —4 4
Jr1+{.:|,r-2}E
23 4x=—l(x1+,1'2—4) = x+dx+yi=4

Completing the square for x*, we have
(x+2) +y*=8
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1.5 Complex Numbers in the Real World

(Voltage, Current and Resistance)
Ohm’s Law is a fundamental principle in physics that describes the relationship
between veoltage ‘v, current ‘I" and resistance ‘R’ in an electrical circuit.

Mathematically Ohm’s Law can be expressed by the formula V = IR .
when dealing with alternating  current  (AC) circuits, resistance generalizes

to impedance (£). Resistance in a circuit is due to -
inductor (X} ) and capacitor (X-). Their difference is = h‘f‘
reactance X = (X, ) - (X.). Geometrically it is shown g
in the adjacent figure. Here Z=R+iX o

Then for AC circuits, Ohm’s Law in Terms of R
Impedance is expressed by the formula V'= .2,
Example 17: If the impedance of circuit is | l{cos 55.35° +/sin 55.35°) ohms ata

voltage of 25 (ms 30 +isin 30 ] V, find the value of current in the circuit.

Solution: Substitute the voltage 25(cos 30° + [ sin 30°) and impedance
11{cos 55.35° + I sin 55.35%) into the equation V = IZ | where V is voltage, [ denote
the current and Z is impedance.

25(cos 30°+7 sin 30°) = I .11(cos 55.35° +i sin 55.35%)

~ 25(cos 30° +i sin 30°)
1 1{cos55.35° +isin 55.35%)

ar

I= %[Cﬂﬂ{ﬂ}n ~55.35% )+ isin(30° - 55.357)

I=2.27 cos(~25.35") +isin(-25.35") |
Express into rectangular form
[=2.27[0.90+i(~0.42) |=2.04-0.95i

Thus, current 1s 6—-4.217.

Cryptography: It is the science of securing information by transforming readable
messages called plaintext into secrete code called ciphertext using mathematical
algorithms and encryption keys. It consists of two main processes i.e., encryption to
lock message with complex math, and decryption to unlock it with the right key.
Example 18: The word "MATH" is to be encrypled by multiplying a complex number
k=2 + 3i and then decrypted back to its original form using the concept of

multiplicative inverse in complex numbers.
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Each letter of the alphabet is assigned a numerical value as follows:
A=T,B=2,C=3,u:L=26

Solution: First, we assign each letter in the word “MATH" a complex number with

zero imaginary part. The encryption and decryption shown in the table below

Letter | Complex Number () zeneryplted =z % £ |z decrypted = ¢ enerypted / k| Letter
M 13+ 0f (13 + 002+ 30 =26+ 39 (26 + 300) /(2+3n=13+0i| M
1+ 0y 1+ )2+30)=2+3 (2+3)/2+3=1+0 A
T 20+ i (20 + 002 + 30 =40 + a60i] {40+ 600 2+ 3i= 20+
H &+ 04 (B+M2Z+3i) =16+ 24i 164247 /2 + 3i=R+ i H

PV~ EXERCISE 1.5

I. Plot the following points:

@ (2. 75) (i) (-3, 1207) (i) (z, %} (iv) (sﬁ

%)
6

5 & f 2 9 192 | . 5 5m
['V] [_"Et E] (Vl] ["_31- "_3'] [lll} ["’Er ?E) fl"\-"} ("E" E]

2. Express the following complex numbers in polar form :
1 43 5 543
1) 4+3i i) 1+14 i) —+—i iv) ————ei
(i) (11) (1ii) R (iv) > 2
@ <248 ey L 29,
7 7 2 2 3 3
3. Converl each of the complex number z in the rectangular form ¥+ 4y :
(1) 4(c955—m+fsin£] {i1) E(cos?—zﬂsinE]
3 3 2 6 i}
23r ; 1z
(iii) H: 7 ar'glel:E (iv) |z|:1L a:g[:}zmﬁ
(v) Ez| = ? arg(z) = —1:—; {vi) 2cos{—33)+i2sin(—33)
(vii) |z|=12, arg(z) =7
4 NH:z *J1 Cos o + isin = and z, = ﬁ: l:m;% ks uciwi1 I:ihr':n tind
(i) z+z (i) z -z (u1} z-z, (iv) —

<5
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s W = ?[cm P ] ] and z, =11 cos—— + isin — ] then find the
\ 2 12 ) \ 12 12
following and express the result into x + v form
(i) z+z, (i) z-z (i) z.2,  (iv) -~
£
6. Divide z; = 6{cos 150° +i sin 150°) by z, = 3{cos 30° + i sin 30°) and express in
v+ form.
7. Multiply z, = 2(cos 60° +  sin 60°) and z, = 5(cos 90° + { sin 90°) and express in
x+ iy form.
8.  Find the modulus and argument of z =—-2 — 2i.

2
; : - AN . i
9. Write the equation arg[z— 2+ :}: T In cartesian form, itz = x +iy.

—1+2i ) 9 L 4
$ ]— — . show that x™ + y" —4x+2y—5=0.

1] e

10, If z=x+iv and arg[ .
LE+1—8 ]

11, If z=x+iy and arg(z—2-3i)—arg(z+243i)=2mr , show that 2y =3x.

2. Solve the equation |:—2£i= Z+ _1| for z=x+ip.

13, For z=x+iv, solve the equation |5z +4+|=[5z—3+2i

14. Determine the set of points z = x+ iy that satisfy the equation |33 -2+ ;| =|3z+i.

i/ A
o : : £ oo R :
5. An AC source supplies a voltage of V' = !Eﬂl CO8— + i sin— J volts to a circuit

14743

with impedance Z = ohms. Calculate the current in polar form.

6. An AC circuit has an impedance of 2= 3 — 6/ ohms and is connected to a voltage
source of V=90 + 30/ volts. Find the current in both rectangular and polar form.

17. Encrypt the word "CODE" by multiplying the complex encryption key k=2 — 1.
Then decrypt it back to the ariginal word.

I8. Consider the complex encryption key & = 3 — 31, Enerypt the word "QUIZ", and
then recover the original word using the inverse of the key.

19, Encrypt the word “CLASS” by adding the complex encryption key & = - 3 + 44,
Then decrypt it back to the onginal word.




INTRODUCTION

Functions are fundamental in mathematics, describing relationships between inputs
and outputs through a rule of correspondence. Understanding key concepts such as
domain, co-domain and range is essential for analyzing different types of functions,
including one-to-one., onto and bijective functions. Graphical representation helps in
identifying intersecting points, such as where a linear function meets the coordinate
axes, where two linear functions intersect or where a linear and a quadratic function
cross. These intersections provide valuable insights into solving equations visually.
Additionally. exploring square root and cube root function graphs allows for a deeper
understanding of their unique properties and behaviour. This unit will enhance
problem-salving skills by combining algebraic and graphical approaches to functions,

2.1 Concept of Function

The term function was recognized by a German Mathematician Leibniz (1646-1716)
to describe the dependence of one quantity on another. The following examples
illustrate how this term is used:

(1) The area “A” of a square depends on one of its sides *x” by the formula
A= x", so we say that A is a function of x.

(1)  The volume "} of a sphere depends on its radius “¥" by the formula

V= i-frrl . 80 we say that V is a function of r.

A funetion is a rule or correspondence, relating two sets in such a way that each
element in the first set corresponds to one and only one element in the second set.

Thus in, (1) above, a square of a given side has only one area and in, (i1) above, a
sphere of a given radius has only one volume.

Now we have a formal definition:

2.1.1 Definition (Function, Domain, Codomain, Range)

A function ffrom a set X to a set Vis a rule or a correspondence that assigns to each
element x in X a unique element y in ¥ The set X is called the domain of /-

The set of corresponding ¢lements v in Y is called the range of £ While the
codomain of a function is the set Y in which function’s output values (range) lie.
Unless stated to the contrary, we shall assume hereafter that the set X and ¥ consist of
real numbers,
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m Co-domain is the set of all possible outputs but the range is the actual set of outputs
produced by the function under the given domain that is range set is always a subset of co-domain.

2.1.2 Notation and Value of a Function

If a variable y depends on a variable x in such a way that each value of x determines
exactly one value of y, then we say that “v is a function of x™.

Swiss mathematician Euler (1707 — 1783) invented a symbolic way to write the
statement “y is a function of x™" as y = f{x), which is read as “y is equal to fof x™.

A function can be thought as a computing ; 1
machine f that takes an input x, operates N Fisittd

on it in some way and produces exactly Inputx T Output £ (x)
one output f{x). This output f{x) is called

the value of f at x or image of x under f.

Computing Machine

the output f{x) is denoted by a single letter, say y and we write v = f{ x).

The variable x is called the independent variable of f'and the variable y is called the
dependent variable of /. For now onward we shall only consider the function in
which the variables are real numbers and we say that /is a real valued function of
real numbers.

Example 1:  Given f(x) =x° - 25 + d4x ~ 1, find: (i) f0) (i) fiD
(i) f{-2) (iv) A1 +x) (v) f[l}xiﬂ
X

Solution: f{x) =5 Iyt iy ]
(i) AO)=0-0+0—1=-1
(i) AD=0P-21P2+4(1)-1=1-2+4-1=2
(i) A=2)y={2Y - 2{2P +4(-2)-1=-F—-8—8_1=—135
(iv) fO+x)=(1+xP =201 +x¥+ 41 +x)-1
=143+ +xt -2 -2+ 4 +4x -1
=y +x*+ 3x+2

, 3 2 F -
(iv) f’(l]=[l] —2[1] +4[l}1=i,—;,+f-l, 0
X X X WX X X X

Example 2:  Find the domain and range of f(x) = x.
Solution: For every real number x, f{x) =x” is a non-negative real number. So,
Domain f= set of all real numbers ; Range f= set of all non-negative real numbers.
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Example 3:  Find the domain and range of f(x) = 1x T
1 -

Solution: Atx=2andx=-2, fi{x)= ’x = is not defined. So,
-r‘- N—

Domain f= set of all real numbers except—2 and 2 or R-{-2.2}

X

&

i -

©y=x—dy=0 Remembert
L —CEDEJEDP-40)(4y)  There are two types of

intervals known as  open

Let y= = (- PH=x= x’y—4y=x

2y interval and closed interval.
3 In an open interval (a, b), the
b
x= 1xyfl +10x L =0 endpoints are not ingluded. In
2y a closed interval fa, b],

windefinedas ¥ veld the endpoints are included.

== x=10

For v =0, wehave 0=

oy =0

So, range /= set of all real numbers or (-, %)

Example 4:  Find the domain and range of f{x)=+/x" -9,
Solution: Yx* =920 = x*-920 )

Lot ¥ =9=0= x=13

Critical points divide the number line into three regions:
Put x =4 in (i), 109220 (True)

Put x=0in (i), =920 (False)

Putx=4in (i), 10=920 (True)

So, domain f= (—oo, 3] W [3, =)

The smallest value of -9 is 0 (when x=%3),
=3 = \fﬁ= 0
As |r[ increases beyond 3, x* — 9 grows to +uw, 50 y grows to +w=,

1
X5 -

So, range [ = [0, =)

2.1.3 Vertical Line Test

The vertical line test is a method used to determine whether a graph represents a
function. A graph represents a function if and only if no vertical line intersects the

graph more than once. If any vertical line passes through the graph more than once, it
is not a function.
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Explanation is given in the figure.

©

¥ y y y :
e : /|/ /\\ Tl
/ \/\ b P il el
/o : “ of | Q/V’ 0 S
: ' i

(a) a function (b) a function {c) nol a function (d) not a function

2.1.4 Types of Function

(i) One-to-One (Injective) Function

A function f 1s one-to-one if different inputs produce different outputs, ie., if
Sx) = f(x,) implies x = x,. This means that no two different elements of the domain
map to the same element of the co-domain.

For example, /(x) = 5x + 7 is one-to-one because if 5x + 7 = 5x,+ 7 implies x,= x,.
(ii) Onto (Surjective) Function

A function f: X — Y is called onto {or surjective) function if every element in the
co-domain } has at least one pre-image in the domain X. In other words, for every y
in Y, there exists an x in X such that f(x)=y.

For example, f(x)=2x+3. where the domain and co-domain are both real numbers.

-3 . . =3
Here y=2x+3 = xz%u. Here for each vy in R, there exists JT in R such that

=3 % }
f { ks 3 J: ¥. Hence {15 an onto function.

(iii)  Bijective Function
A function f :X — Y is called bijective 1t it is both one-to-one and onto.
Piecewise Function

A piecewise function is a function that is defined | 3~y
by different expressions (or “pieces") over |5
different intervals of its domain. Each piece applies :
to a specific part of the domain. = 4 x
[ 2x41 if x<0 o ':]//' |

For example, f(x)=4 .

xr =1 if x=0 .
For x < 0, the function behaves like 2x+1 and for e

[ 3

x =0, it behaves like x* —1
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Example 5: Show that the function f(x)= x+1, where the domain and co-domain
are all real numbers, is bijective.
Solution: A function is bijective if it is both one-to-one and onto.
A function is one-to-one if f(x )= f(x,) = x =x, for f(x)=x+1
Suppose f(x)= f(x )

n+l=x+1

= X =X,

So, the given function is one-to-one.
It is also onto because for every real number y, there is a real number x (specifically
x =y —1) such that f(y —1) = y— 1+1 =y, Therefore, f(x) is bijective.
Example 6: Show that the function f(x)= x" -2, where the domain and co-domain
are all real numbers, is neither one-to-one nor onto.

Solution: As f(x)=f(x,) = x'-2=x1-2 = x=x!

Taking square root, we get x, =x, Or x, =—x,

This does not imply that x, = x, , for example
x=2x,=-2=sx#x and f(2)=2= f(-2).
Thus. fis not one-to-one.

Also, the element -2 in the co-domain R 1s the smallest

value that f(x)=x"=2 can attain, and it is only

achieved when x = (. However, any number less than -2

{in co-domain R) 15 not the image of any real number x in e
domain R. For example, f{x) = -3 =x"—2=-3has no 24
real root.

¥~ EXERCISE 2.1 _d

[ Giventhat: (&) f{x)=x"—1 (b) fix)=+2x+3 Find
(i) f(=3) (i) f10) (i) f(x—2) (iv) f(x*+3)

g fla+h)— fia) jig
Find : and simphity where,
1

(1) fix)=4x+7 (i) flx)=sinx
(i) fx)=x+x" -1 (iv) f(x)=tanx




T ——" -

o

[ (),

Express the following:

{a) The area A of a square as a function of its perimeter P.

(b) The circumference C of a circle as a function of'its area A.
{c) The surface area § of a cube as a tunction of its volume V.
Find the domain and the range of the function g defined below:

(i) glx)=5-x (i) glx)=+x+2
: [6x4+ T, x5-=2
(iv) gx)= V) ge)=lx—5]
4-3x,x>-2
Given fix)=x —axr +bx+ 1. If/(2)=-3 and #{-1)= 0. Find the values of
a and b.

-

Find the domain and range of g(x)=—
%
=

A stone falls from a height of 60m on the ground. the height & after x seconds is
approximately given by h(x) = 40 — 10x°.
(i) What is the height of stone when:

{a) x=1sec? (b) x=15sec? ) x=1.7sec?
(if) When does the stone strike the ground?
Consider the function f(x) = 3x -5,

(i) Determine the domain and range of f(x).
(ii) Is the function f one-to-one? Justify your answer,
(i11) Is the function fonto if the co-domain is all real numbers? Explain.

2x—3

Letf: R — K be defined by f(x) = —

(i) Find the domain and range of f{(x). (1) Determine whether f(x} is onto.
(iii) Prove that f(x) is one-to-one,

Consider the function £ #'— &' defined by f (x) = ¢ ™. Show that f (x) is a
bijective.
Letg: H—= & be given by g(x) = »*-3x. Determine 1if g{x) 18 injective. and/or
surjective.

2.2  Finding the Intersecting Point(s) Graphically
The point of intersection is a point where two or more graphs meet on the coordinate
plane. This point represents the solution(s) to the equations of the given functions.

2.2.1 Intersection of a Linear Function and Coordinate Axes

As we know that linear function is a function in which the highest power of the
variable 15 one. While the coordinate axes refers to x-axis and y-axis in the Cartesian
coordinate system.
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Example 7: Find the points of intersection of a linear function y=2x+6and

coordinate axes,
Solution: Table values and the graph of y=2x+ 6

is given below:
x | y=2x+6
-1 4 3
¥y 4
0 6
1 8 vy

Hence, from the above graph, the points (-3, 0) and (0,6)are the points of
intersections of vy = 2x+ 6 and coordinate axes,
2.2.2 Intersection of Two Linear Functions

The point of intersection of two linear

1
functions is the point where their graphs x
cross each other. This means the two —

5

4

3
/

]

|

2

3
3

functions have the same x and vy values at
that point.

Example 8: Find the point of intersection of
y=3x+2 and y=—x+6,

Solution: Table of different values of x and y ¥

is given below:

x | »=3x+2 | y=—x+6

ol |
0 2 6
1

By plotting the above points, we see that (1. 5) 1s the point of intersection of both the
straight lines as shown in figure.

2.2.3 Intersection of a Linear Function and a Quadratic Function

A line and a parabola can either intersect at two points, one point or not intersect at
all. If there are two solutions, the system has two points of intersection. A single
solution indicates that there is only one intersection point, suggesting that the line
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may be tangent to the parabola. If no solution exists, it means the line and the

parabola do not intersect.

.rk}l .rky -"t_]r'

- N

0

oy
[
g

o

WA /

Two Solutions One Solutions No Solutions
Example 9: Solve the linear function y =-x+3 and quadratic function
y=x —6x+3 graphically,

Solution: Clearly (3, 0) and (0, 3) are the x-intercept and y-intercept respectively of
v==x+3.

y=x"—6x+3 1)

Put x = {}in (i), so (0, 3) is the y-intercept.

Put y = 0 in (i), we have

O=x"-6x+3
0% =6 —a0)3)
21
61A36=12 .
X =— _}_..

2
6+24

s

. _6+2J6

2
x=3:t£
x=3-4J6.3+/6

x=10.6,54

So (0.6, () and (5.4, 0) are the x-intercepts,
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Now we find vertex (A, &) of the parabola
b -6

k=03 -6(3)+3=-6
So. the vertex 15 (3,6}
Hence (0. 3) and (5,—2)arc the solutions (points of intersection) of the given
functions.

2.3 Graph of the Square Root Function
Example 10: Graph the square root function y = Z\E +1
Solution: Clearly the domain of ¥ = 24/x +1is x = (), as the square root of a negative

number is not a real number. The range of v = 24/x + lis y = 0, as the square root of
a non-negative number is also non-negative.

Table values and the graph of the function are given below:

X y’=2if;+1 '

0 1 REdl

| 3 7

2 3.8 6

3 4.5 5

4 5 i

5 55 i

6 5.9 f . | .

7 6.3 x
3 6.7 g 1 2 3 4 5 6 7 8 % 10 1
9 7

10 7.3

2.4 Graph of the Cube Root Function
Example 11: Graph the cube root function y = |

Soelution: As we know that cube root function is defined for all real numbers because
the cube root of any number (positive, negative or zero) is always real. Therefore, the
domain of the given cube root function is all real numbers. The range of the given
function is also the set of real numbers.
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Table values and the graph of the function are given below:

; ¥ X 95 !
5 1.8 el = o
4 37 L L 1 1 L
=5 E I |
) 1.4 yEL 05
= ~13 3 -
0 i & -5 4 =3 —F —| O I & 2 4 % 6
— 6-5 |

1 0 . 4 |

2 |

3 13

a 14 L L] E] ]

5 1.6 H i

2.5 Real Life Applications

Growth and Decay in Finance (Predicting Long-Term Stock Prices)
When something increases in quantity or size over time. 1t 15 called growth, For
example, money in a bank account earning interest (it grows larger), a population of
rabbits is increasing over months.

When something decreases in quantity or size over time, it is called decay. For
example, a radioactive substance is losing its strength over years, a cup of hot
coffee is cooling down over time.

Example 12: The value of a stock follows the exponential growth model P(r) = F ¢”,
where P, is the initial stock price, » is the growth rate per year and 7 is the time in

years, Suppose a stock is currently valued at Rs. 5,000, and it is expected to grow at a
rate of 3% per year,
(1) Find the value of the stock after 10 years.
(i1) After how many years will the stock double in value?
Solution: (i)  The formula for the exponential growth is:
P(1) = Pye"
Given P, = 5,000, = 0.05 (5% growth rate), and ¢ = 10 years.

P(10) = 5.000 &"%5710 = 5,000 5
Using " = 1.6487
P(10) = 5,000 = 1.6487 = 8244
So, the value of the stock after 10 years is approximately Rs. 8244,
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(ii) We want to find # when the stock doubles, i.e., when P(7) = 2. Using the
equation:

2R = Rel
Dividing both sides by P, we have 2 = ¢"
Taking the natural logarithm on both sides: In 2 = rt

and t =In2/r=069310.05=13.84
So. the stock will double in value in approximately 13.86 years.
Example 13: The concentration of a pollutant in a lake, in parts per million (ppm),
decays over fime according to the function
100

~J'.*+l

where 7 is the time in days since the pollutant was introduced.

Clr)=

(i) What is the concentration of the pollutant after 4 days?
(ii) After how many days will the concentration drop below 10 ppm?

. _ . . Ce 100 .
Solution: (i) The pollutant concentration function is C(f) =——=, where ¢ is the

N1 +1
time in days.
Concentration after 4 days:

C(d) = 1 = @ =44 72 ppm

NS

The concentration after 4 days is about 44.72 ppm.

(11} When will the concentration drop below 10 ppm? Set C(¢) = 1k

1= il =i+l =10=i+1=10=1=99

i+l

After 99 days. the concentration will drop below 10 ppm.
V" EXERCISE 2.2

Find the point of mtersection of the coordinate axes and the following linear
functions graphically:

{iy y=-5x+10 (i) y=2x-1

1 - 3
{iii) }zEx—Er {iv) v1a=3x+5
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2 Find the point(s) of intersection of the following functions graphically:
(i) flx)=2x+5, g(x)==x+5
(1) f(x)=3x-2, g(x)=10—x
(i) f(x)=2x—4, g(x)=3x-1

(iv) f(x)=-3x—4, g(x)= %x +3

(v) flx)=x-1. g(x)=x"—4x+3
(vi) f(x)=3x+4, g(x)=x"+2x-8

3. Graph the following functions:

() y=v3x (i) y=x+s (i) y=-3
(iv) y=—yr+l1+2 ) y=32x+1 (vi) y=2xr-3
(vii) y=3fx"+x-2

4. A building’s height over time is modeled by H(r) = 100 + 20¢ which is in metres
and 7 is the ume m months. The height of a growing tree nearby 1s given by
T(1) =50+ 10t + 7.

(i) At what time will the building and tree have the same height?
(1) What will that height be?

Sketch the graphs of both functions and determine the time when the tree will
overtake the height of the building.
5. A radioactive substance has a half-life of 2 years. If the iniial quantity is

200 grams and the exponential decay function 1s Qrj=0¢ 1 : | . then find the

remaining quantity after 6 vears graphically?




Theory of Quadratic
Functions

INTRODUCTION

This unit explores methods to find the maximum and minimum values of quadratic
functions using completing the square and graphical analysis. It also covers the inverse
of quadratic functions, determining their domain and range. Additionally, students will
learn to solve absolute value quadratic equations and inequalities, as well as equations
of rational, radical and exponential forms that can be reduced to quadratic equations.
Finally. the unit demonstrates the practical applications of quadratic equations and
inequalities in solving real-world problems, providing a strong foundation for problem-
solving and analysis.
3.1 Quadratic Function
A quadratic function is a polynomial function of degree two. It is typically expressed
in the standard form:

fix)=ax*+bhx+e
where @. b and ¢ are real numbers, and a # 0.
3.1.1 Analvzing Quadratic Function by Sketching

As we know shape of the graph of a quadratic / 4
function f{x) = ax* + bhx + ¢ is a parabola. The \1// /\
parabola opens upward or downward, depending on v

the sign of the leading coefficient a, as shown in the asp a<0

given figure.

The tip of the parabola, labeled as V in the diagrams above, 1s known as the vertex
having coordinates (A, k). The vertical line passing through the vertex serves as the
axis of symmetry for the parabola. The vertex represents a turning point, where the
graph changes direction.

o Ifg =1, then the vertex is a minimum point.
o Ifa <0, then the vertex is a maximum point.

For sketching the quadratic function, we need to find the x-intercept, y-intercept and
the vertex. For analyzing the sketch of quadratic function, we find whether the vertex
s @ minimum or a maximum point and indicate the intervals where the function is
increasing or decreasing.
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Example 1: Sketch and analyze y=—=? - 2x + 3.
Solution: y=—x*—2x+3
The y-intercept is v = —(0)* — 2(0) + 3 =3
The x-intercepts are found by solving the equation:
-2 —-2x+3=0 or P*+Xx-3=0
¥+3x—x-3=0
x+3-1x+3)=0
(x+3x-1)=0
x+3=0x-1=10

x=-3x=1 .
Now, we find the vertex 1 3
ol )
2a 2{=1)

k=—1¥—-2-D+3==1+2+3=4
So. the vertex (—1, 4) is a maximum point. The function v
15 increasing on (—oo, —1) and decreasing on (-1, =)

3.1.2 Finding Maximum and Minimum Values of Quadratic
Functions by Completing Square
Completing the square is a technique used to rewrite a quadratic function in the
following vertex form:
fix)y=afx—hy}+k
b b
Where vertex=(h &} h =— — and k=¢——
2a 4a
¢ [fa =0, the minimum value of fix)atx = his &
o [fa <=0, the maximum value of fix)at x = his &

Example 2: Find the maximum or minimum value of

fix)= -2x*+ 4x + 3 by completing square.

Solution: J(xX)=-2(*-2x)+3
fix)==2(x*-2x+1-1)+3
S(x)==2[(x-1F-1]+3
fix)=-2x-1Y+2+3
fy=-2x—12+5

Here a=-2<1 _ _ |

Therefore, the maximum value 15 5, which occurs when x = 1. +V

Y (1. 5)

B Miximim
[value

S e
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Example 3: Find the maximum or minimum value of
fix)=x"-2x-3,

Solution: Given that f(x)=x"-2x-3

Herea=1,b=-2_¢=-3

:_iz_@:] x'
2a 2(1) 1 32
2 2
~ N TIPS N 8 = W
da 4(1)

Here a=1>0

Therefore, the minimum value of fix) atx =1 is —4.
3.2 Inverse of Quadratic Function
Quadratic functions are typically not one-to-one over their entire domain. To find an
inverse for a quadratic function, we must restrict its domain to a portion where it is

one-to-one. Commonly, we restrict the domain to either x = & (where h is the x-
coordinate of the vertex) or x < h.

Example 4: Find the inverse of f(x)=x"+4x+3,x2-2. Also find its domain and

range.
Solution: fix)=x*+4x+3 , x=-2
y=x+4x+3
x=y +d4y+3
PH+ap+3-x=0 (Interchange x and y)
_ A4 43 -x)
) 2(1)

=4+ J16-12+4x
2
—4+ a1 4x
2
_ =421+ x

-],l =
2
flixy==24f1+x (Replace v with /' (x))
The above inverse function has both a positive and a negative component. To determine
which is the inverse, we find domain and range of the given function.

¥ (Using the quadratic formula)

Domain [ = [-2, =)
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To find range, we proceed as
Since x =2
X2 +4
4y = -8
Yr+dx>—4
KH4x43 2-4+3

= flx) =1
As f) =x*+4x+3
= J) =(x+2Y-1

Therefore, minimum value of f{x) is —1and hence
Range f =[-1, =)
Domain /' =[-1,) , Range f ' =[-2, =)
Now, we substitute any value of x that falls within the domain. We choose the value

x=0
£ (0)= -2+1+0=-1
FU0)=42-41-0=-3

We notice only —1 lies in the range of f. Therefore, we discard negative component,

Hence f"'(x)=-2++l+x

3.3 Absolute Value 4..}:
The absolute value of x, is defined as i x|
[x , x=0 | o
|x|_i—x . ox=40 | i
. & X x
3.3.1 Absolute Value Quadratic T T T e
Equations

To solve the absolute value quadratic equations, all answers must be substituted back
mmto the original equation to verify whether they are valid or not. Sometimes,
"extrancous” solutions may appear which are not valid and must be eliminated from
the final answer.
Example 5: Solve |- 4|=5
Solution: sz —4|=3

X —4 =25

P-4=5 or ¥-4=-5

¥ =9 or =1
x=13 or x=+-1= imaginary
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Check: For x=3 For x ==3
3% 4] =5 (=37 )—4|=5

(3l =3 5| =5

5=3 5=5

Hence solution set = {£3}
3.3.2 Absolute Value Quadratic Inequalities
Absolute wvalue quadratic inequalities are inequalities that involve a quadratic
expression within absolute value bars. They are generally of the following form:
la+bx+el<d, |l +bx+e|>d, o +bx+c|<d, |+ bx+¢|=d
Example 6: Solve I.r"' —6x— 4| <3
Solution: |x* — 6x—4| <3
-3<at-6x-4<3
<y —6x—4 or x —6x—4<3

¥—6x—-4+3>0 or X —6x—4-3<0

X—6x—1>0 (i , x-6x-7<0 (1)

Here we solve x* —6x— 1 =0

~(=6) % y/(=6)’ —4(1)(=1)

- 2(1)
6i-,v‘36+4

_x‘ = 2
6++J40

x = 2

6+ 210
2

T=

R F 1)
c=3-4100 3,410

x ==0.16 , 616
Hence critical numbers divide the number line into three regions,

x=-4.16 2 fl6=x=<6.16 x=6.16
]

N |
=1

1 [ | Lispiiiipal
| LRALANAR
6

o
W Y

1 | LAREARARS) 1 t 1 i !
=2 1 0 1 2 3 1 5

Test x =1 in (i), we have
(1P -6(-1)-1>0 = +6>0 (True)
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Test x =0 in (i), we have
(0F-6(0)-1>0 = —1>0 (False)
Test x =7 in (i), we have
(7P -6(T)~1>0 = 6>0 (True)
Solution set is (—=o, .16} W (6.16, =)
Now, we take (i1) and solve
-bx—~T=0
E+r—=Te=F=0
¥Mr+1)-Tx+1)=0
(x+1)}x-=T)=0
x+1=0 ., x-7=0
x==1 . x=7
These critical numbers divide the number line mnto three regions.

x=—1 l=<x=<7 x=17

fe
——————+——
4 —3 2 I 0 1 2 3 4
Testx=-2 , x=0 and x =10 in (ii), we have
(~2)*=6(-2)-7<0 = 9<0 (False)
[0y = 50 —7<0 = -7<0 (True)
(10 -6(10)-T7<0 = 33<0 (False)
Solution setis (-1, 7)
Hence the solution set of the given absolute value quadratic inequality is

(o, ~0.16) 1 (6.16, )} v {(~1, 7) = (-1, —0.16) U (6.16, T)

¥ EXERCISE 3.1 4

Find the maximum or minmmum value of the followimg quadratic funetions by

R
W

o .

1L =
=]
B0 =
=1

completing square:

() flx)=x"+6x+13 (i} f(x)=x"+4x
(iii) f(x)=—x"+8x+13 (iv) f(x)=—x"=3x-5
(V) f(x)=3x"+6x-13 vi) f(x}==2x"-x+21

2. Find the maximum or minimum point by sketching the following guadratic

functions, Also find their domain and range:

(i) flo)=x"—4x (i) fx)=x'-5x+6
(iii) f(x)=—x"+2x-8 (iv) flx)=x"—dx+4
(v) f(x)=x"+2x-83 (vi) f(x)=6-x-2"
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¥, Find the inverse of the following quadratic functions. Also find their domain and
range:
i) f(x)=x"-3, x=0 (i) flx)=x"+6x+4, x<-3

(iii) f(x)=2x"—8x+11, x=2 (iv) f(x)=3x"-2x+6, x=5
(v) f(x)=2(x=3V+1, x=3 (vi) f(x)=-=3x+4) -5, x<-4

4, Solve the following absolute value quadratic equations and nequalites:
(i) |¢+1]=5 (i) | +s5x+d[=0 (i) |[x' —6x+8=4
(iv) E3.‘{'2 -Tx+2|=x:—x+l {v) |_r2—4|-:::3 (v1) |12—3x+2|:=r4
(vii) | —5x+6|<x+2 (viii) [2x* —3x—5|< 4

3.4 Solution of Equations Reducible to the Quadratic

Equation
There are certain types of equations, which do not look to be of degree 2. but they can
be reduced to the quadratic equation. We shall discuss the solutions of the rational,
radical and exponential equations.
3.4.1 Rational Equations Reducible to the Quadratic Equation
A rational equation is an equation containing one or more rational expressions, where
rational expressions typically contain a variable in the denominator.
Example 7: Solve l+i1 =l.x#£0,x#-1

X x4+

¥
=

: |
Solution: —+ =1
X x+1

Multiplying both sides by x(x+ 1), we have
(x+1)+2x=x(x+1)

x+1+2x=x"+x
Ix+l=x"+x

X4x-3x—1=0

X —2x-1=0
. ~(=2)£4(=2) —4(1)-1) _2++/4+4
21 2
o J.i;fg': lii“&':riﬁ

Hence, Solution Set = [ 1+ ‘JS.T }
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3.4.2 Radical Equations Reducible to the Quadratic Equation
Equations involving radical expressions of the variable are called radical equations. To
solve a radical equation, we first obtain an equation free from radicals. Every solution
of radical equation is also a solution of the radical-free equation but the new equation
has solutions that are not solutions of the original radical equation. Such extra solutions
{roots) are called extraneous rools.

Example 8: Solve Jr+8+x+3=4/12x+13

Solution: yx+8++4/x+3=412x+13
Squaring both sides, we get

x+8+x+3 +E-,|"x+8-.}|x-l- =12x+ 13
2A0x+840x+3 =10x+2
= 1f{x+8}|{x+3] =5r+1

Squaring again, we have
4+ 1l +24=25x + 10x + 1
=] 24 —x-23=0
= (24x+23)x-1)=0

23
r=—or x=1
24

-

: 23 .
On checking we find that ~%a is an extraneous root. Hence solution set = | 1}

3.5 Real World Problems of Quadratic Equations and

Inequalities
We shall now proceed to solve the problems which, when expressed symbolically, lead
to quadratic equations in one or two variables.
In order to solve such problems, we must:
i.  Suppose the unknown quantities to be x or y etc.
ii.  Translate the problem into symbols and form the equations satisfying the given
conditions,
The method of solving the problems will be illustrated through the following examples:
Example 9: The length of a room is 3 metres greater than its breadth. It the area of the
room is 180 square metres, find length and the breadth of the room.
Solution:  Let the breadth of room = x metres
and the length of room = (x + 3) metres
Arca of the room = x(x + 3) square metres




unit Ol
By the given condition, we have
xx+3)=180 (1)
= X +3x-180=0 ... (i1}
= (x+15)x~12)=0
x=—15 or x=12

As breadth cannot be negative so x =—135 is not admissible.

Whenx=12. wegetx+3=12+3=15

Hlllc-ﬂh

Hence breadth of the room = 12 metres and length of the room = 15 metres.
Example 10: A company manufactures laptops and its weekly profit function (in

thousands of dollars) is P(x)=—x"+2x+3, where x is the number of laptops
produced (in hundreds). Find the range of production levels where the company

makes at least $4,000 profit.
Solution: Here P(x)=4

— p2x4324
—x*+2x+3-420
—x*+2x-120

X =2x+1<0
(x—1Y <0

This only holds true when (x—1)"=0 = x=1

The company makes exactly $4.000 profit when 100 laptops are produced (since x =1
means 100 laptops). There is no production level where profit is more than $4,000,

P~ _EXERCISE 3.2 4

| Solve the following equations

& a3 e gy SpEH_3os 1
Ix 6 x+1 x

1 2 T

(1) + = ix#E=-1,-2,-5
x+1 x+2 x+5

: i h 11 x+1 x-=1

iv =a+hx#—,— v +—=2. x#F L, x#-1

G) ar=1 bhx=1 : a b V) x=1 x+1 A *

(vi) 3x°+15x—24x* +5x+1=2 (vii) V2x+B++/x+5=7

(viii) y3x+4 =2+2x—4 (ix) VXx+7+4x+2=16x+13

(X) Vx+5—afx=-3=2
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A farmer bought some sheep for Rs. 9000, If he had paid Rs. 100 less for each,
he would have got 3 sheep more for the same money. How many sheep did he
buy, when the rate in each case 1s uniform?

A man sold his stock of eggs for Rs. 2400. It he had 2 dozen more, he would have
got the same money by selling the whole for Rs. 0.50 per dezen cheaper. How
muny dozen e¢ges did he sell?

A cyelist travelled 48 km at a uniform speed. If he had travelled 2 kmv‘hour slower,
he would have taken 2 hours more to perform the journey. How long did he take
to cover 48 km?

To do a prece of work, Abdullah takes 10 days more than Abdul Hadi. Together
they finish the work in 12 days. How long would Abdul Hadi take to finish it
alone?

The braking distance (in metres) of a car is modeled by:

d(s)=0.025"+ 0.15 , where s is the speed of car in km/h

IT the maximum safe braking distance 15 50 metres, find the range of speed where
braking is safe.

A rocket follows the height function A(7)= -5t +20¢+ 30, where it is the
height in metres and ¢ is the time in seconds. Find the time interval during which
the rocket is at least 40 metres above the ground.




Matrices & Determinants

INTRODUCTION

This unit introduces the fundamental concepts and operations of matrices, equipping
students with the skills to perform matrix addition, subtraction and multiplication
involving both real and complex entries. It explores the essential properties of
determinants and provides techniques for evaluating the determinant of a 3%3 matrix
using cofactors and determmant properties. Students will learn to apply row
operations to determine the inverse and rank of matrices. as well as distinguish
between consistent and inconsistent systems of linear equations through practical
examples. The unit further explores into solving systems of lincar equations, both
homogeneous and non-homogeneous, using advanced methods such as matrix
mversion, Cramer’s Rule and Gaussian elimination. Emphasis is placed on the real-
world applications of matrices in diverse fields such as graphic design, cryptography,
data encryption. geometric transformations and highlighting the importance and
versatility of matrix algebra in solving complex, practical problems.

4.1 Matrix

While solving linear systems of equations, a new notation was introduced to reduce
the amount of writing. For this new notation the word matrix was first used by the
English mathematician James Sylvester (1814 — 1897). Arthur Caylev (1821 — 15895}
developed the theory of matrices and used them in the linear transformations. Now-a-
days, matrices are used in high speed computers and also in other various disciplines.

The concept of determinants was used by Chinese and Japanese mathematicians but
the Japanese mathematician Seki Kowa (1642-1708) and the German Mathematician
Gottfried Wilhelm Leibmiz (1646-1716) are credited for the invention of
determinants. G. Cramer (1704-1752) employed the determinants successfully for
solving the systems of linear equations.

A rectangular array of numbers enclosed by a pair of bracket 1s called a matrix such as:

230
2 -1 3 _ | -1 4 .
[—5 4 7] U P )
41 =1

The horizontal lines of numbers are called rows and the vertical lines of numbers are




Matrices & Determinants <IS> Mathematics

called columns. The numbers used in rows or columns are said to be the entries or
elements of the matrix.

The matrix in (i) has two rows and three columns while the matrix in (ii} has four
rows and three columns. Note that the number of the elements of the matrix in (ii) is
4x 3 =12. Now the general definition of a matrix is:

Generally, a bracketed rectangular array of mn elements aill, 2, 3, ..., m;

Jj=1.2,3. ..., ), arranged in m rows and # columns such as:

ﬂl | I"Ill 2 ﬂl'l Iﬁ.In
ﬂ'-‘1 all a!’. ﬂlu {!":'
aml H.lul Hm': i I.'l.l.lm

is called an m by n matrix (written as mx n matrix), where mx nis called the order
of the matrix in (iii). The matrices are usually represented by the capital letters such
as A, B, C, X Y. etc.. and small letters such as a, b, ¢, [, m, n, or a,.a,.a,,, ... etc.,
are used to indicate the entries of the matrices.

Let the matrix in (iii) be denoted by 4. The ith row and the jth column of A are
indicated in the following tabular representation of 4.

Jth column
iy oty gty i,
I Y T A
S e e P RN P
= > : : : : (iv)
ithrow —| a, a, a, = a, - 4,
G, G, G = G, = da,

The elements of the ith row of 4 are a, a, a, ..a,..a, while the elements of the
Jth column of 4 are a,, a,, a, ..a,..a_ . Wenotethat g, is the element of the ith

TR

row and jth column of 4. The double subscripts are useful to name the elements of

g o , L2 -1 3
the matrices. For example, the element 7 is at «,, position in the matrix [ s 4 ?].

For convenience, we shall write the matrix 4 as:
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A=layg], ,ord=[a] fori=123 ...mj=1,23, ..., n where a, is the

element of the ith row and jth column of A. En‘ i A ealiatenl
e matrix A is called rea

The elements (entries) of matrices need not Rl G et

always be numbers but in the study of
maitrices, we shall take the elements of the
matrices from & or from O,

Row Matrix or Row vector: A matrix, which has only one row, i.e, lxn matnx of

the form [al, ., d, .. am] is said to be a row matrix or a row vector.

[ )

Column Matrix or Column Vector: A matrix which has only one column i.e.,

iy
Hl."

an m1 = 1 matrix of the form | a;, |1s said to be a column matrix or a column vector.

A

2
For example [1 =1 3 4] is a row matrix having 4 columns and |—1}is a column
3

matrix having 3 rows.

Rectangular Matrix: Il m s p, then the matrix i1s called a rectangular matrix of
order mn, that is, the matrix in which the number of rows is not equal to the
number of columns, 1s said to be a rectangular matrix. For example:

2 -3 0
2 A 1 2 4 ; =
and are rectangular matrices of orders 2x3 and 4x3
-1 0 4 3 =15
0 1 2
respectively.
Square Matrix: If m = n, then the matrix of order mx= n is said to be a square matrix
of order n or m. i.e., the matrix which has the same number of rows and columns is

| R
2 5
called a square matrix. For example: [D]|: i {:I and |2 =1 & |are square
T 3
3 5 4

matrices of orders 1, 2 and 3 respectively.
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Let A = |a;] be a square matrix of order n. then the entries a,,, a,,. a.;

the principal diagonal for the matrix 4 and the entries a,,.a,, . a, s Ml g

lw ® 2R H=2 % “**%
form the secondary diagonal for the matrix 4. For example, in the matrix
Bl Giz %13y

o N T | e citrich oF e principal diagonal are a,,.d.,,a.,;.a,, and the
) Gyl dy
By Hay Gy Wy
entries of the secondary diagonal are a,,.4,.,a,,.4,,.
The principal diagonal of a square matrix is also called the leading diagonal or main
diagonal of the matrix.
Diagonal Matrix: Let 4 = [a;] be a square matrix of order n.
If a; = 0 for all i# jand at least one a; =0 for i = j, that is, some ¢lements of the
principal diagonal of A4 may be zero but not all, then the matrix A4 is called a diagonal
matrix. The matrices

0o 00
e a1 0 0
[7].10 2 0land i » ol diagonal matrices.
0 0 5
000 4

Scalar Matrix: Let 4 = [a;] be a square matrix of order n.
If aj; =0forall i# janda;; = k (some non-zero scalar) for all / = j, then the matrix

A is called a scalar matrix of order . For example:

iy 1 a 0 0 3000
03 00 ) . - .
L] T]' 0 a 0] (g+#0)and NEFIES scalar matrices of order 2, 3 and 4
00 af 0003
respectively.

Unit Matrix or Identity Matrix: Let A =[a;] be a square matrix of order n. [f g, =0
forall i # j and a; = 1 for all i = j, then the matrix 4 is called a unit matrix or identity
matrix of order n. We denote such a matrix by /, or simply / and it is of the form:

28 1
-0
{0

PR e R
= =

a0 0 ]




Matrices & Determinants <43> Mathematics

1 00
The identity matrix of order 3 is denoted by 5, that is, [; = {ﬂ 1 ﬂ}
001

Null Matrix or Zero Matrix: A square or rectangular matrix whose each element is
zero, is called a null or zero matrix. An mx »n matrix with all its elements egual 1o

zero, is denoted by O, . Null matrices may be of any order. Here are some

sy I

0 00 0
][ ] 0 0 0 0 ) may be used to denote
l:l.'ﬂﬁﬂ.,ﬂ o oflo o 0,10 0 0O null matrix of any order
o0 0O O 0 if there is no confusion.

are null matrices of order 1, 1 = 3.2 x 3,2 % 2,3 % 1, 3 x 4 respectively.

Equal Matrices: Two matrices of the same order are said to be equal if they have
same order and their corresponding entries are equal. For example, 4 = [«,],, ., and
B=1[b,,.,arcequal, ie. A=Biff a =b fori=1 2,3 ..m j=L2,3..n In
other words. 4 and B represent the same matrix.

Transpose of a Matrix: If 4 is a matrix of order mx>n then an nx mmatrix
obtained by interchanging the rows and columns of A, is called the transpose of 4. It
is denoted by 4", Let 4A=[a,],..,.then the transpose of 4 is defined as:

A' =[a}]),., where a;=a, fori=1,2,3,...,nand j=1,2,3,....m
by by by by
For example, if B=[h ], =|by by by by |, then
by by by by

B’ =[b;],; where b =5h fori=123. 4andj=1,2 3ie,

by h;z b;s by, by by
B = bfll Hz: h;.a _ by by by
b; | '5;2 5;3 by by by
Hi [ h:f: :'J:._:, by by by

Note that the 2™ row of B has the same entries respectively as the 2™ column of
B' and the 3™ row of B has the same entries respectively as the 3 column of 8 etc.
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4.2 Matrix Operations

Matrix operations involve various techniques and procedures applied to matrices.
These operations are foundational in linear algebra and have applications in
numerous fields such as computer graphics. physics. statistics, ete. Here are some key
matrix operations:

4.2.1 Addition of Matrices

Two matrices are conformable for addition if they are of the same order.

The sum 4 + B of two mxn, matrices 4= [a”] and B:[b”] is the m> nmatrix

C=[c{,] formed by adding the corresponding entries of A and B together. In

symbols, we write as C =4 + B, that is:
[x.-”]:[au +f’.}] where ¢, =a,+b,for i=1,2,3, .., m; j=1,2,3,..,n

4.2.2 Subtraction of Matrices
If 4=[a,]and B = [b, | are matrices of order mx n, then we define subtraction of B
from A4 as:
A—B =A+(-B)
= [a,]+[-8,] =[a, +{_'F’r;-;']=[':"u _'E’.-,«] for i=1,2,3,....mj=1,23 ...n
Thus, the matrix 4 — B is formed by subtracting each entry of B from the
corresponding entry of 4.

1 ¢ -1 2 2 -1 3 1
Example 1: IfA4={3 1 2 5|and B=|1 3 -1 4 [, then show that
¢ -2 1 6 F b 2 =1
(A+B) =4"+ B’

Salution:

1 0 -1 2 2 -1 3 1 1+2 0+(=1) —1+3 2+1
A+B=13 1 2 5|+l 3 -1 4 |=|3+1 1+3 2+4(-1) 5+4
0 -2 1 6 31 2 -1 0+3 -=2+1 1+2  6+(=1)
3 -1 2 3
=4 4 1 9
3 =1 3 5
3 4 3
p_|-1 4 =1 :
and (A+B) = 5 1 3 (i)
3 9 5
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Taking transpose of 4 and B, we have

(1 3 O 1 3
e o1 =2 ,_-31
A=y, ([ |mdE =3 5 ,
(2 5 6 1 4 -1
1 3 0 2 3 4 3
g |01 2, ] 4 -1 .
= +B—IEI 2 2 1 3 “]]
32 &g 3 9 5

From (1) and (11). we have (4+ By =4"+ &'
4.2.3 Scalar Multiplication
If 4=[a,]1smxn matrix and & 15 a real or complex number, then the product of £ and
A, denoted by kA, is the matrix formed by multiplying each entry of A by k. that is
ki ={ka,] Nete:
Obviously, order of k4 is mx n. If n is a positive integer, then
4.2.4 Multiplication of two Matrices gt
Two matrices 4 and B are said to be conformable for the product 48 if the number of
columns of A 1s equal to the number of rows of B,
Let A=[a,] bea 2x3 matrix and B = [b,] be a 3 = 2 matrix, then the product AB is
defined to be the 2x 2 matrix C whose element ¢, 1s the sum of products of the
corresponding elements of the ith row of 4 with elements of jth column of B. For
example, the element ¢,, of C is shown in the figure (A). that is

1" column of B
bI.L
|—> by
|_} bil
.2- 'I'll"ll"ﬂfA ﬂu az ﬂﬂ

Figure (A)

Oy =ty by + by +ay by Thus

AE_[“H @ a13:| b b _|:”||b|| +aphy, +agh,  ab, +a|zb:3+ﬁ|sb_az] )
= b D | =
tyy  @yy ayby, +anby tayh,  ayb, +a,by, +agby,
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_bll b, 4 ; ;
Similarly BA=|b, b, [ 11 12 |~j|
iy

i BV B

by, +bya,  bya, +bsa,,  bha;+bag,

= b:lall + bZZHEI b?lal.’. + bﬂﬁil ﬁz:”ta * b::”:a “‘I}

_bﬂlall * IIE-'lﬂzﬂ.’:l ﬁHIHIZ * b32ﬂ13 b.‘-lﬂlS ¥ bﬂalﬁ

From (1) and (1), 48 and BA are calculated their orders are 2x2Zand 3x3
respectively.

Notel. In general. AB = BA

Note 2. If the product 4B is defined. then the order of the product can be illustrated as
given below;

Order of A ST omxn
Order of & | Xy~
Order of AB \, mxp
Z: =1 0 2 =1 3
Example 2: If A=|1 2 -3|andB=|-1 -4 6]/, then compute A°B.
1 2 =2 0 -5 5
2 -1 02 -1 ©
Solution:  A’'=4-4=|1 2 -3||1 2 -3
1 2 =211 2 2

4140 =2=240 0+3+0] [3 -4 3
2+2-3 —-1l+4-6 0-6+6|=|1 -3 0O
| 2+2-2 —-1+4—-4 0-6+4 2 -1 -2

(3 -4 37[2 -2 3
AB=(1 -3 0||-1 -4 ¢
2 -1 -2]l0 -5 5
(6+4+0 —6+16-15 9-24+15] [10 =5 0
=|2+3+0 -2+12+0 3-18+0|=5 10 =15
| 4+1+0 —-4+4+10 6-6-10 5 10 =10
m Powers of square matrices are defined as:

AB=dsn A P=AxAxA
A=A = 4 % 4 = -- ton factors.
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4.3 Properties of Matrix Addition, Scalar Multiplication and
Matrix Multiplication

If 4, B and C are conformable for the indicated sum or product of matrices and ¢ and

d are scalars. then following properties are true:

(i) Commutative property w.r.t, addition: 4 + 8=58 + 4

(ii) Associative property w.r.t. addition: {4+ B)+ C=A+({B+ ()

(iii) Associative property of scalar multiplication: (cd)4 = c(dA4)

O is null matrix and

(iv) Existence of additive identity: 4 + O = O+ 4=4 ( 3 ;
A1s a square matrix

(v) Existence of multiplicative identity: /4 = A/ = 4 ([ is unit/identity matrix )
(vi) Distributive property w.r.t scalar multiplication:
(a) cld+B)=cAd+cB (b) (ct+d)d=cd +dd
(vii) Associative property w.r.t. multiplication: A(BC) = (AB)C
(viii) Left distributive property: A(B+() = AB + AC
(ix) Right distributive property: (4 + B)(=4AC+ BC
(x)} clAB) = (cA)B = A(cB)

Example 3: FindARand BAif 4=

Solution: A8 =
30 611 =2 3

(2% 1+ 0% 2+1x1 2% (=D+0x3+1%(=2) 2Zx0+0x(=1)+1x3
=1 1Ix14+44x2+2x1 Ix{(~1)+4x3+2x(-2) Ix0+4x(-1)+2x3
|31+ 0x24+06x1 3x(~1)+0x3+6x(-2) 3Ix0+0x(~-1)+6x3

(3 -4 3]
=11 7 2 (i)
9 -15 18]
1 -1 ©0][2 0 1
Ba=|2 3 -1{|1 4 2
I -2 3|3 0 6
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Lk

Ix2+(=Dx1+0x3 Ix0+(-1)x4+0x0 Ixl+{-1})x2+0x6
2x243x14{-1)x3 2x0+3x44+(—1)x0 2x]1+3x2+(-1)xb
I 24 (=2)x 1 +3x3 1x0+4+(=2)x4+3x0 Ixl+(=2)x2+3x6

L =4 =] (Note: |

=4 12 2 (ii) Mairix  multiplication s not
9 -8 15 commutative in general,

Thus, from (i) and (i1), 4B = B4

P EXERCISE 4.1 §

I A=[a,l,,. then show that

(i) lAd=A4 (ii) Al, =4
9 =¥ [2 1 ~I] [1 & 2]
HA=|3 2 1|, B=|{1 2 4| and C={-1 5 0 |, thenfind
-1 0 4] |4 #:4]) R
(iy A-B (i) B-C (i) (4-B)-C (iv) 4—-(B-C)

It 4 and B are square matrices of the same order, then explain why in general:
(i) (A+BY #A'+24AB+ B’ (iiy (A-BY = A*-24B+ B
(iii) (A+B)A—B)= A - B

I 2 5 B
[fd=| 1 0 2 -2|, thenfind A4 . 4'4and(A b".
<3 3 3 =

Solve the following matrix equations tor X

i . 2 3§ =2 2 =3 1
(1) 2X-34=F8 If A= and 8=

-11 5 5 4 -1
2 0 1
i) A'-54+41-X=0 if 4={2 1 3
(ii)
1 -1 0

4.4 Determinants
The determinants of square matrices of order # =3, can be written by following the

pattern. For example, if n =3
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alﬁ I5"'1[ all all
A=|a, a, ay | then thedeterminant of 4 =|d|=|a,, a, a,

dy Oy

2 On tyy  dy, oy
Now our aim is to compute the determinants of matrices of various orders,
4.4.1 Minor and Cofactor of an Element of a Matrix or its Determinant
Minor of an Element: Let us consider a square matrix 4 of order », then the minor
of an element a , denoted by M, is the determinant formed by deleting the ith row
and the jth column of A(or|4]).

@y dy iy
For example, consider a square matrix 4 of order 3, A=|a,, a,, a,

ty 3y dy

To find the minor of the element a,,. delete the first row and second column of 4

T “n“#h“'“rr = i 4
, that is M,2:| L

ﬂl".l ﬂ?_’a

a

21 i

i
.1?1 ﬂ23

iy a.lz iy
Cofactor of an Element: The cofactor of an element a;; of a square matrix 4 denoted
by A4, is defined by A, = (=1)"' M,

dy  ay @y dy

For example, A4, =(-1)'"" M, =(-1)’

—

@y dy dyy Gy

4.4.2 Determinant of a Square Matrix of Order n =3
4y Gy

If A is a matrix of order 3, thatis, A=|a,, «a,, 4, |, then:

i

a Wy iy

|A1 =a, A, +a.4,+a.4, fori=1273

or |Al =a, 4, +a, A, +a,.4, for j=1,23

For example, for i =1, j=1and j =2, we have

|‘4|=‘11|An+ﬂ12‘4|3+a13ﬁ13 (1)
or [A|=a, 4, +a, 4, +a, 4, (i1)
or || = a,diy + @y dyy +ay Ay (iii)

(iii) can be written as: |4]=a,,(=1)7 M, + a (-1 M, +a,(-1)" M,
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Le., |A|=—a,M,+a,M, —a,M,, (iv)

Similarly (i) can be written as |4|=a M, —a, M, +a,M,; (v)

Putting the values of M, M, and M|, in (v). we obtain

I .
M= Sl ol wl ™,
or !A[ = 0, (O3 = Quytlyn ) = ), (85,80 — @@y, V0 (05,85, = @y, ) {vi)
O || = )05, + 0,050, + 500,05 — )y, — 0,00, — d,,d ) (vii)
Equation (vii) is the required expansion of determinant of square matrix of order 3.
1 -2 3
Example 4: Evaluate the determimant if 4=| -2 3 1
4 -3 2
1 -2 3
Solution: lA|= -2 3 1
4 -3 2
using |4|=a,M, —a,M,+a.M, , we get
=1, ;|‘{“:” ‘_42 4 s

=1[6—-1(=3)]+ 2[(-2)(2) - ()] + 3[(-2)(-3) - 12]
=(6+3)+2(-4-4)+36-12) =9_16—-18=-25

1 -2 3
Example 5: Find the cofactors 4,,, 4,, and 4,0f4=|-2 3 1 |and find |A|
4 -3 2
Solution: We first find M ..M, and M ., ,
=2 1 [ 3
M,, = =—4-4 =8 ; M,,= =2-12 =-10
. |4 2‘ = ‘4 2
3
and = =1=(-6) =7
= ‘—2 1‘ )

Thus A= (=DM, =CDE8) =8 Ay, = (=17 M, =1(=10)=-10
Ay = )M, =(=1)T) =-T
and |l = a4, +and,, +ay, 4y, =(=2)8+3(=10)+(—-3)-T)
=—16-30+21=-25
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4.4.3 Properties of Determinants

i.
1.

For a square matrix A, |4] =4
If in a square matrix 4, two rows or two columns are interchanged. the

determinant of the resulting matrix is —| 4],

iii.  Ifa square matrix A has two identical rows or two identical columns, then |4 =0.
iv. If all the entries of a row (or a column) of a square matrix 4 are zero, then |4] = 0.
v, If the entries of a row (or a column) in a square matrix A are multiplied by a
number £ £ R, then the determinant of the resulting matrix 1s k4.
vi. If each entry of a row (or a column) of a square matrix consists of two terms,
then its determinant can be written as the sum of two determinants, i.e., if
(a +b, a, a,
B =|a,+h, a,. a,|.then
[ dy by sy @y
a,+b, a, a; a, dy dasl B, a; a;
Bl = |ay+by, ay, ay|=|ay ay ay+|b, a, a,
ay+bhy ay,  ay ay | |Byoa, ag
@, +b, @, a, a, da, ayl |byo oy a,
y +hy oy an|=lay ay dylt by @y ay,
ay +by a,  ay dy  fy ) |Byoay o ag

Wil.

viii.

It any row (column) of a determinant is multiplied by a non-zero number & and
the result is added to the corresponding entries of another row (column), the
value of the determinant does not change.

If a matrix 1s in triangular form, then the value of its determinant is the product
of the entries on its main diagonal.

E We shall define triangular matrices on following pages

¥ a+x bte

Example 6: Without expansion, show that |x b+x c+a|=0

X c+x a+b

Solution: Adding the entries of (' to the corresponding entries of C,.

x a+bh+e+x b+te
=lx a+b+ec+x c+u
¥ a+b+e+x a+b
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1 1 b+c

by taking x from C, and{a +h+c+:
= x{a+b+ec+x)1 1 c+a [ 3. SRR R TRy 2R {H ¢ r}J
common from ¢,
Il 1 a+h *
= xla+b+c+x)0 (" €} and C, are identical)
=
4.5 Adjoint and Inverse of a Square Matrix
R Y Ay A A
Let A=|a, a, a, |,thenthematrixofco-factorsofd=|4, 4, 4|,
iy Gy Oy Ay Ay Ay
‘41[ All A.’\-I.
andad) A= |4, A, A,
A A'_' ‘4.13

Inverse of a Square Matrix of Order n = 3: Let 4 be a non singular (|4| # 0) square
matrix of order #. If there exists a matrix B such that 48 = B4 =17 _, then B is called

the multiplicative inverse of 4 and is denoted by 4. It is obvious that the order of
Alis nxn.
Thus, 447" =1 and A4 14 =

If 4 is non singular matrix then

A = ladj A
A
1 0 2
Example 7: Find A7'if A=|0 2 1
I =1 1
Solution: We first find the cofactor of the elements of 4.
o B 0
AI.I i {_” K i

1 i
l‘ =L2+1)=3, A,=(-D"

1
={-1)(~1) =1
1‘ (=1)=1)

D 2 0
A.3=f—l}"-“1 [=10-2)=-2, 4y = (-1)*

2
|=EDo+2)=-2

{

) -.1
A, =(=1y"
L, = (=1} . 0

2 |
]‘:I-{I—E}:—L %zpl}“[l ={=1)(=1-0)=1
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A=) H=10-9=—4, 41=|:—1:+“;

{GH I ]

2
1|= (=D-0)=-1

=

1
A_q_,={—l]'1"in =1.2-0)=2

]

_"'!n Ay Ay 3 L -2
Thus [A )y, =| Ay Ay Ay |=|-2 -1 1

A}I AI'-E ’fﬂa 4 -1 2

3 -2 4
and adjd=[4].,=|1 -1 -1 (- A, =4, fori,j=1,2,3)
-2 1 3
Since |d|=a, A, +ap A, +a, A
= 1(3) + O{1) + 2(-2)
I T
; | 3 -2 4] [-3 2 4

So A"':Eadjf!:—]l =] =] wf=l I 1
| 2t 2] (2 -1 -2

P EXERCISE 4.2 4

Evaluate the following determinants:

1 -2 -4 5 2 =3 1 2 -3
(i) |3 -1 =3 (i) |3 10 -1 (iii) |-1 3 5

-2 3 2 -2 1 =2 -2

a+h a-b a 1 20 -2 Zx X X
(iv) a a+h a-b (v) -1 -1 -3 (vi) |» 2y ¥

a-bh a a+b 2 4 - b O

2 Without expansion show that

7 8 9 5 6 -1 —-a 0 b
(i) |5 6 7=0 (i) 2 2 0= (ii) |0 @ —c

2 3 4 2 -8 10 ¢c —=h 0
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gt &
I m+n |1 21 3x ¥
(iv) m sl =0 ™) 2 3 9x|=0 wi) | £ Ll=0
nolem 1 305 15y &
1 2 L
P4
p—q ¢-r r—p yz zx Xy
(vii) |g—r r—p p—g|=0 (vit) |x » z|=0
r-p p-q gq-r 11 1
x y z
be a a’|l ||l a o 2a a+b a+c
(ix) lea b Bl=]l P ¥ (x) (26 2b b+el=0
ab ¢ | 1 & ¢ 2¢ b+e 2o
3. Show that:
3 5 D 310 at+h a a
iy |5 25 10/=2511 1 2 (11) a a+b a |=b(3a+h)
T 2% 1 751 a a a+b
1% 3 I 2 & m+n | i
G 1 oy azxf=f1 ¥ » {iv) m n+l m |=4lmn
1 z x| | z 2° i no I+m
y =1 x reos 1 —sind
(v) Ix v Ol=x"+y (vi) 0 1 0 |=r
1l x> rsin @ 0 cosd
a b ¢
(vii) tb+¢ c+a a+bl=a’+b'+c"-3abe
a+h b+e c+a
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a+ A a it
(viiiy| & h+d b |=A(a+b+c+d)
© e c+ A
I
) I y »|=@-pr-20z-
1 z 2
¥+zZ Z+x X+ ¥
(x) | x ¥ z |=lx+y+2)x—yNy—2Nz—x)
¥ ¥y 7
[L 2 -4 ‘ 5 -25
i It A :: ] 7 :.‘.I_Tld B=1-3 1 41, then find:
|_-.'_I Z '."_I 2 | 2_
(1) A, Ay, A, and |4] (i) B,.B.,, B, and |B]|
5. Find values of x 1f;
3 I .x 1 x-1 3 E ¥ 3
(i) -1 -3 —4{=-30 (i) |1 x+1 24=0 (i) |2 x 2|=0
r 1 0 2 -3 x I 6 x
x 2 2
6. Showthat [2 x 2|=(x+4)x-2).
R S,
3 1
7. Find .fi'.I'|L1nd |.-J'".I|i1’: (1) A=|:_3 - _l} (i) A=|2 2
2 1 3 |3

8. If 415 a square matrix of order 3, then show that |k4]=£"|Al.

9.  Fmd the values of A if 4 and B are singular.

4 2.3 | 2 4 5
f=17T" 4 &L 8= 2 1
I__"-' 3 I_I | 2 A 0
1 2 1
10, Find the inverse of 4=|-5 0 4 |and show that A '4=1.

5 4 0
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11. Verity that (AB) = E£'A' if:
I 1 S
. 1 -1 2 " 1 =3
(iyd= and B=|(-3 -2 (i) A=|1 4|and B=
0 -3 1 Z i
0 1 2: 1

4.6 Elementary Row Operations on a Matrix
Usually, a given system of linear equations 1s reduced to a simple equivalent system
by applying elementary operations which are stated as below:
(i) Interchanging two equations.
(i) Multiplying an equation by a non-zero number.
{i1i) Adding a multiple of one equation to another equation.
Corresponding to these three elementary operations, the following elementary row
operations are applied to matrices to obtain equivalent matrices.
(i) Interchanging two rows
(i) Multiplying a row by a non-zero number
(iii) Adding a multiple of one row to another row.
m Matrices A and B are equivalent if B can be obtained by applying in turn a finite number of
row operations on A,
Notations that are used to represent row operations for [ to Il are given below:

Interchanging R and R, is expressed as R, ¢ R .
k times R, is denoted by kR, — R/
Adding k times R, to R is expressed as R +kR — R
(R is the new row obtained after applying the row operation).

For equivalent matrices 4 and B, we write 4 R B,
If4 RBthenB R 4
Upper Triangular Matrix: A square matrix A=[a, |is called an upper triangular

matrix if all elements below the principal diagonal are zero, that is,
a,=0forall 1> j
Lower Triangular Matrix: A square matrix 4 =[a,]is said to be lower triangular

matrix if all elements above the principal diagonal are zero, that is,
a,=0forall i< j

Triangular Matrix: A square matrix 4 is named as triangular matrix whether 1t is
upper triangular or lower triangular. For example, the matrices




Unit o Matrices & Determinants <53> unne-niu
0 0 0

1 2 3

3 200 . : :
0 1 4|and it osib are triangular matrices of order 3 and 4 respectively.
00 6

-1 2 3 1
The first matrix is upper triangular while the
second is lower triangular. Disgonal matrices arc both upper
4.7 Echelon and Reduced SAREAlar s OWer mianklar

Echelon Forms of Matrices
In any non-zero row of a matrix, the first non-zero entry is called the leading entry of
that row.
Echelon Form of a Matrix
An mx nmatrix 4 is called in echelon form if:
(i)  The number of zeros before the leading entry 1s greater than the number zeros in
the preceding row.
(11) Every non-zero row in 4 precedes every zero row (if any).
(ii1) The first non-zero entry (or leading entry) in each row is 1.

g 1 =2 4 1 2 =3 4
Thematrices |0 0 1 2Zland |0 0O 1 2| arein echelon form
00 0 0 0o 0 o 1

Reduced Echelon Form of a Matrix: An mx s matrix 4 is said to be in reduced
(row) echelon form if the first non-zero entry (or leading entry) in R lies in C,, then

all other entries of | Are Zero.

01 0 4 1 2 00
The matrices |} 0 2land |0 O 1 0O/arein (row) reduced echelon form.
00 0 o0 01

1
0
2
Example 8: Reduce | 1
3

7 -B:l to (row) echelon and reduced (row) echelo

form.

Solution:

)
I
b
|
e
R
i
]
[
L
I
L=
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1 -1 2 -3 1 -1 2 -3
Rip 5 15| BYR+CDR =R Rig 1 1 3| L, g
0 a1 and R, + (-3)R, — R, 6 4 =% 11 g
1 =1 2 =5 0 1 0
Rlo 1 -1 3| R+-ar,»r Blo 1 -1 3|r+1r >R
0 0 1 =] D1 -l
10 0 1
00 1 -l and £, + 1.8, = R
1 -1 2 =3 1 00 1
Thus|0 1 =1 3| and [0 | 0O 2 |are (row)echelon and reduced (row)
o a0 1 -1 o 0 1 -l

echelon forms of the given matrix respectively.

Inverse of a Matrix: Let 4 be a non-singular matrix. If the application of elementary

row operations on A4/ in succession reduces A to I, then the resulting matrix is /147",

2 5 -
Example 9: Find the inverse of the matrix A=|3 4 2
i =l
r 3.
Solution: | g-13 4 2|=2(-8-4)-5(-6-2)-1(6-4)=-24+40-2=40-26=14
1 2 -2

As |A|# 0, so 4 is non-singular.

Appending 7, on the right of the matrix 4., we have

L
4]
=T = B

0 0
10
0 1

Interchanging R and R, we get,

12 =2 0 0 1 1 2 =2 00 1

34 2 01 0lBlo 2 8 1 —3|ByEAEIR-R
. - (=2 i J

2 5 -1 I 0 0 0o 1 3 1 0 -2 and R, +(~2)R, — R,
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By —é—R: — R, we get

| O 6 0 |
a 1 —4 0 —L
3
00 1 k. ke
L 7 14

Thus, the inverse of A is

1
3
2

=2

%
7
1
7

R|o

fi=

14

2

O

l -2

L i By £, +(-11%, = &,
2 2 |andR+(-2R, > K

L Bh

2 2 |

4

- 1

-
3 By R +(-6)R, > R

and R, + 4R, — R,

Rank of a Matrix: Lel A4 be a non-zero matrix. If # is the number of non-zero rows
when 1t i3 reduced to the echelon form, then #1s called the rank of the matrix 4.

I
Example 10: Find the rank of the matrix |2
3

t =5 o 571 1 =% 3
Solution: |2 0 7 -7 |Blo 2 3 -
301 12 -1 [0 4 6 -
1 =1 2 =3
Blo % . Bu%ﬂzaﬁ: R
0 4 6 -2

-1
0
1

2
7
12

=
59
11

By R, +(-2)R, = R,

1 =1

0 1
0 0

2
3

1]

5 and R, +(-3)R, = R,

=3
—é By R +(—4)R, = R,

0

As the number of non-zero rows is 2 when the given matrix is reduced to echelon
form, therefore, the rank of the given matrix is 2.
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4.8 System of Non-Homogeneous Linear Equations
Three linear equations in three variables such as:

ax+by+ez =d,

a,x+b,y+ec,z =d, (1)

ax+by+ez =d,
is called a system of non-homogeneous linear equations in the three variables x, y and
z, if constant terms d,,d, and d, are not all zero.
Consistent: A system of linear equations is said to be consistent if the system has a
unigue solution or it has infinitely many solutions.
Inconsistent; A system of linear equations is said to be inconsistent if the system has
no solution.
Now we will solve the system of non-homogeneous linear equations with the help of
the following methods:
(1) Using reduced echelon form {i1) Using matrix inversion method
(111) Using Cramer’s rule
4.8.1 Reduced Echelon Form

There are following steps to solve a system of non-homogeneous linear equations (i):
(i) Convert to augmented matrix

a, b ¢ |d,
i.e a, b, ¢ |d,
a, b e |d,
(1i)) Convert to reduced echelon form (ii1) Solve by back substitution
Example 11: Solve the following and explain a consistent and inconsistent system:
(i) 2x+5y—z= {11) x+y+2z= (ii) =x—y+2z=1
Ix+4y+2z=11 2x—-y+Tz=1l 2x=06y+5z=7
x+2y=2z=-3 3x+5y+4z=-3 Ix+5y+4z=-3
2 5 -1 : 5§
Solution: (1)  The augmented matrix of the given systemis |3 4 2 ;11
1 2 =2 : -3

We apply the elementary row operations to the above matrix to reduce it to the
equivalent reduced (row) echelon form, that is,

2.5 =1 5 1 2 =2 i =3
34 2 P 11|83 4 2 ! 11| ByROR
1 2 =2 d=3| |28 =1 &3
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1 2 -2 : -3 1 2 =2 : -3
Rlo -2 8 ! 20|Byr+3R -k B0 -2 8 : 20|Byr+-2r-&
2 5 -1: 5 01 3 : 1

By —%RE — R, we get

12-=2: 3110 6 i 17 |
01 -4 —10|Blo 1 —4 @ —jo|BYRACDR R
01 3 : 1 00 7 51 and R, +(-1)R, - R,
1 0 6 @ 17 1 0 0% - _
Rlo 1 -4 ¢ -10 By -;-R1_>H1 Rlo 1 0o -&‘r;jrﬂﬁ';—ﬁ]fﬂ;ﬁi:
: “+ 3 5
00 1 i 3 001 3|™ A2 Ky

Thus, the solution 15 x=—1,y=2 andz=73, therefore the given system of linear
equations has unique solution and it is consistent.

1 1 2 : 1
(11) The augmented matrix of the given systemis |2 -1 7 11
3 5 4 1 -3
1 1 2 1 L 1 2 & 1
2 =1 7 11|®0 -3 3 ¢ 9 |Adding (=2)R, to R, and (-3)R, to R,.
3 5 4 -3 0 2 -2 : -6
11 2 :1 1 G 3 : 4
Weget, 10 1 =11 =3| By _lp ,p Bl01 =113 BYR+CDR SR
0221 -6 3 00 0 &0 and R, + (=2}, — R
The given system is reduced to equivalent system
x+3z=4
yz=—3
0z=0

The equation 0z =0is satisfied by any value of z.
From the first and second equations, we get
x==3z+4 {a)

and yp=z-3 (b)
As z is arbitrary, so we can find infinitely many values of x and v from equations (a)
and (b) or the given system, is satisfied by ¥=4-3¢, y=¢-3 and =z = ¢ for any real
value of 1.
Thus, the given system has infinitely many solutions and it is consistent.
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e 9
(iii) The augmented matrix of the system 1s ; _1;; ; -:r
3 5 4 -3
1 -1 2 : 1 1 -1 2 @ 1
2 6 5% 780 -4 1 i 5|Adding (-2)R toR, and (-3R) o R,.
3 5 4 -3 0 8 -2 : -8
We have, i )
11 2 &1 B % ‘i
Rlo 1 -L: 2lpy 1z ,r Rlo1 _Ly L3 ByReLR oK
4 4 - S S 4| and R, + (-8R, —» R
0 & -2: -6 00 0 4

7 1
Xt+—zg=——
4 4
| 5
p——z=——
T4 4
Dz=4

The third equation 0z=4has no solution, so the system as a whole has no solution.
Thus. the system is inconsistent.

B We see that in the case of the system (i), the (row) rank of the augmented matrix and the
coefficient matrix of the system is the same. that is, 3 which is equal to the number of the variables in
the system (i),

Thus, we observe that a linear system is consistent and has 2 unigue solution if the rank of the
coefficient matrix 15 the same as that of the sugmented matrix of the system and equal to number of
variables,

In the case of the system (ii). the rank of the coefficient matrix 15 the same as that of the sugmented

matrix of the svstem bt it 18 2 which 15 less than the number of vanables in the system (1),

Thus, we observe that a system is consistenl and has infinitely many solutions il the ranks of the
coefticient matrix and the augmented matrix of the svstem are equal but the rank is less than the number
of variables in the system.

In the case of the system (iii), we see that the rank of the cocfficient matrix is not equal to the rank of
the augmented matrix of the system.

Thus, we ohserve that a system 15 inconsistent if the ranks of the coefficient matrix and the augmented
matrix of the system are different.

4.8.2 Matrix Inversion Method
The matrix inversion method is a way to solve a system of linear equations using the
inverse of a matrix.
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X =2x;4%, =-=4
Example 12: Use matrix inversion method to solve the system 2x, —3x, +2x,=—6

2x, +2x,4x, =35
Solution: The matrix form of the given system is

1 =2 1|[x] [4]
2 =3 2|| x|=|-6
2 2 1|« 5 |
or AX =R A1)
1 =2 1 EA -4
Where A=|2 -3 2|,X=|x,|and B=| -6
2 2 1 | X A
1 -2 1 1 -2 1
As  |4={2 -3 2/ =|0 1| 0 Byr+(-2R K
2 2 1 2 21
Expanding by R, we have
=(=1)*** s d =(1-2)=—1, that is.
2 1 '
|A| # 0, so0 the inverse of A exists and (i) can be written as
¥ =A"8 ... (1)
Now we find adj 4.
-7 2 10
= [4,] =4 -1 -6
-1 ¢ 1

A, =-7.4,=2,4,=10,4, =4
Ay ==l Ay =—6,4, =—1,4,, =0, 4, =1

Cofactors are

8 4 =]
So adjd=|2 -1 0
10 —6 1

. O R 5 [ i R

and A":t—lﬂadj;ﬁ:—]- 2 -1 o0f=l=2 1 0

10 -6 1 -10 6 -1
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X, -4 7 -4 1][-4] [-28+24+5
Thus| x, |[=4'| -6 |=| -2 1 0| -6|=| 8-6+0 |.ie,
| x, | 5 -10 6 -1|| 5 40-36-5
x| [ 1
X, |=| 2
s -1

Thus, the solution set is {(x,, x5, x,)} = (1, 2, -1}

4.8.3 Cramer’s Rule

Consider the system of equations,
X+ apX, +apx, = b
Ay X, + Gy Xy + @y = (1)

@y X, + Ay Xy + Ay Xy = By

These are three linear equations in three variablesx,x,,x,with coefficients and

constant terms in the real field R. We write the above system of equations in matrix
form as:

AX =8 <+ai1)

X h

where A=[a,)y: X=| x, | and B=|p,
- b,

We know that the matrix equation {2) can be written as: X =48 (if 4 ' exists)

We have already proved that 4™' = e adj 4

|4
AI 1 “{.‘.I A?-I
and adj A=[A ], =| 4y An Ay (- A,=4,)
Ali "42.* ‘433
‘rl I AI] AEI A,'H h] Allhl + A?Ih] + A?]ﬁl
Thus | x, | A Ly g [Tl = |—1| Ay + Ab, + A b,

Xy | | A, Ay A || b Ashy + Ayb, + Aysh,
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Ay + A,\by + Ayb,
||
X
Ab 4+ A,.b, + 4.5
ig, |[|x |=|=2 22 A
2
Aph + Apb, + 4,b,
] || i
bl alz ﬂlﬁ
by ay  ay
; b, a, a,
Hence -T| 2 blAll e b:“{ll +b3 43| ¥ 3 3L 33 {“1»}
Al |4
all b] a]:l
dy by ay
T =b|A]1+bIA31+h'|AEI - ﬂ:.T-l. b? aﬂ.‘- {i‘l’}
%
|| z
a, a, b
ay ay b
i hAs+bdy+hd, |4y dy b v)
' | |4

The method of solving the system with the help of results (i1i), (iv) and (v) is often
referred to as Cramer’s Rule.

Ix, +x,—x, =—4
Example 13: Use Cramer’s rule to solve the system. x +x,-2x, =-4

—x,+2x,—x =1

3 1 -
Solution: Here [4[=]1 1 —2[=3(-14+4)=1(-1-2)=1.(2+1)

-1 2 =]

=9+3-3=9

E N

4 1 -z

So, i 1 j -1 =—4{—1+4}—]{£;+2]—1{_g_1}
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_=12-6+9 -9
Y 9
3 4 -l
1 4 -2
bl 1 T 3e+2)+4(-1-2)-1(1-4)
> 9 9
_18-1243 9 _
9 9
= S
1 1 -4
x=_| 2 1 23(]+H)-I{I-4]-4{2+1}=2?+3—12=E=2
’ 9 9 9 9
Hence x,=-Lx,=1 x=2

Thus, the solution set 15 {(x,, x,, x;)} = {(-1. 1, 2)}

4.9 System of Homogeneous Linear Equations
The system of following homogeneous linear equations;

a,,.X + d,X, +Hdpx, =0

X, + X, + a1, X, =0 -..(1)

@y X, + iy, X, + dpx, =0
1s always satisfied by x, = 0,x, =0 and x, = 0, so such a system is always consistent.
Trivial Solution: The solution (0, 0. 0) of the above homogeneous system is called
the trivial solution.
Non-Trivial Solution: Any other solution of system (i) other than the trivial solution
is called a non-trivial solution.
4.9.1 Solution of System of Homogeneous Linear Equations by

Gaussian Elimination Method

Gaussian Elimination is a systematic method for solving systems of linear equations,
named after the German mathematician Carl Friedrich Gauss. It involves performing
a series of row operations on the system's augmented matrix to transform it into row-
echelon form. Once the matrix is in this simplified form, the solution to the system

can be determined through back substitution. This method is widely used due to its
efficiency and clarity in solving linear systems,
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Example 14: Solve the following system of equations by Gaussian Elimination
method:
x+2y+z=0
x4+ 3y+4z=0

dr+ 3p+2z=10
Solution: The augmented matrix is
1 2 1fo
4,=123 40
43 20
12 1o
Riop -1 2{0|ByR,+(-2)R — R,and R, +(-4)R, 5= R’
0 -5 =20
12 1o
= Rlo 1 -2{0(By(-DR, >R,
0 -5 -2/0
1 2 1]0
= Rlo 1 —2|0|ByR+5R, >R,
0 0 -12/0
1 2 1o
= Rlo 1 -20 By[-]_—élw }R3 — R, (Rank of 4 =3 = number of variables)
0 0 10 '

The matrix is in row-echelon form.
By back-substitution, from the third row, z = 0.
from the second row: y—2z=10

v—=2(0)=10
y=0
From the first row. x + 2y + z = 0, substituting v = 0 and x = (0, we have
x+2(MH+0=0
x =40

Thus, the system has only trivial solution, 1.e., (x, v, z) = (0, 0, 0).
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Example 15: Solve the following system of equations using Gaussian Elimination
Method.

n+ %t x5 =0

X— X +3x, =0

X+3x,— x =10

Solution: The argumented matrix is

1 1 1o
4,=|1 -1 3|0
1 3 -0
1 1 1o
Rlo -2 2/0| ByR,+(-1)R, > R, and R,+(-R > &,

0 -2 -2/0
11 1]0]

= £lo 1 -1o0 By[—%]&—rﬁg
[0 2 -2{0
[ 4. S

= ®lo 1 -1o| ByR+(-2)R, >R, (Rank of A4 < number of
0 0 00

variables)
The matrix is in row-echelon form
Thus. the above system is reduced to the equivalent system of equations

X tx;tx =0 (1)
Xy=x5 =0 {ii)
Ox, =0
From (i) and (ii), we get
Xy ==x,— X, {111)
Ay =y

Substituting x, = x; in (iii), we get
X ==Xy =3 = 1y
=2 Xy =—2x, (iv)
As x, is arbitrary, so we can find infinitely many values of x, and x, from (iii) and (iv)
or the system is satisfied by x, = —2f, x, = fand x, = ¢ for any value of 7.
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From above examples we observe that:

Rule — I: Homogeneous system of linear equation has only trivial solution 1f
rank of 4 = number of variables.

Rule — I1I: Homogeneous system of linear equation has non-trivial solution if
rank of 4 < number of variables.

4.10 Applications of Matrices in Real World

Matrices play a crucial role in solving real-world problems across various fields. In
graphic design, they help manipulate images through transformations like scaling,
rotation. and reflection. Data encryption and cryptography use matrices for secure
communication by encoding and decoding messages. In seismic analysis, engineers
use matrices to model and predict earthquake wave behavior. Geometric
transformations, such as translation and dilation, rely on matrices to modify shapes in
computer graphics. Additionally, social network analysis leverages matrices to
represent and analyze relationships between individuals, identifying key influencers
and connections in a network.

Transformation or Reflection Matrix is a mathematical tool that represents the
reflection of a point or object across a mirror line in a coordinate plane. It’s a matrix
representation of a reflection transformation. In two dimensions, this typically means
reflecting across the x-axis, y-axis or a line such as y = .

1 0

To reflect a matrix over the x-axis, we have multiply it by i -
. : o B -1 0

To reflect a matrix over the y-axis, we have multiply it by 0 1

To reflect a matrix over the line y = x. we have multiply it by [I ﬂ:|

Example 16: A triangle has the vertices A(2, 3), B(—1, 4) and (3, -2). Find the
vertices of the reflected triangle over the x-axis by using transformation matrix.
Solution: To reflect a point across a certain axis or line, we have multiply the point
as a column vector by the corresponding transformation matrix.

Here, to reflect the given points over the x-axis, we use the transformation matrix

b 3
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Write the points as column matrices

e

1 0
The vertex A’ of the reflected image = [ﬂ J

1 0
The vertex B’ of the reflected image = I:ﬂ i—‘

[—32]:[;;3} :m =(3.2)

Thus, the vertices of the reflected triangle are A'(2, -3), B'(—1, -4) and C'(3, 2).
Coding is the process of converting a message into a specific format using a code. A
code is a system of symbols, words or signals used to represent other words or
meanings. It's often used to hide the actual meaning of a message.

To decode a message, we multiply coded matrix by the inverse of the given matrnix.

n
.

l]tn encode the message: ATTACK, where

| 0
The vertex €' of the reflected image = [IJ }

I
Example 17: Use matrix 4 = L

letters A to Z are corresponding to the numbers | to 26.
Solution: Here
A B & D E F G H I
1 2 3 4 5 ] 7 8 9 10 11 12 13
N O P Q R 5 T u v W X Y Z
14 15 16 17 18 19 20 21 22 23 24 25 26
Divide the letters of the message into groups of two.
AT TA CK
Assign the numbers to these letters and convert each pair of numbers into 2 = |

R 0

, , , | 2001 3
So, the message in 2 % 1 matrices is
20 | 11

Now to encode, we multiply, on the left, each matrix of our message by the matrix 4.

oo s )1 3




1 20 [20 + 2] [22]
3 1_ 1] |60 + 1] |61}
(1 2][3] [3 + 22] [25]
3 1|11 |9 + 11] [20]
411[22][25
So. the desired coded message is
23| 61]]20

P EXERCISE 4.3

. Find the inverses of the following matrices by using row operations:
1 2 -3 o2 -l (1 6 2
|0 =2 0 (i) |0 -2 8 (iiy |2 13 0
-2 4 6 1 @ 2 g = ]
2. Find the rank of the following matrices:
L ; j, ; ? _:::1 ~31 ~U3 le
iy (=2 -6 1 -1 (ii) _“1 5 3 (1ii) i @ & B
3 1 4 -2
0 1 -1 2 ¥ =4 = @)
3, Solve the following systems of linear equations by Cramer’s rule:
2x+ y=-z=1 x+2x,=3x, =0 2x—x, +x,=1]
(i) x—yp+2z=3 {11) v, -x,+x, =5 » (i) x+2x,+2x,=2;
3x+2y+z=4 X +3x0,+2x, =3 X —=2x,-x; =1

4.  Solve the following systems of linear equations by matrix inversion method:

x=2y+z=-1 2% +x,+3x, =3 x+yp=2
() Ix+y-2z= {11) _r|+3Jr:-—2,r;=[}:- (11} 2x—-z=1
y—z=1 =3x —x, +2x,=4] 2y-3=-1

5. Solve the following systems by reducig theiwr augmented matrices to the
echelon form and the reduced echelon forms:
X +2x,-2x,=-1 x+2y+z=2 x+4x, +x, =2
(i) 2x+3x,+x,=1 ; (i) 2x+y+2z=3 (iii) 2x, +x,—2x,=9
Sx,+4x,—3x, =1 2x+3y-z=7 I +x,—x, =12
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Solve the following systems of homogeneous linear equations by using
Ciaussian elimination method;

x+d4x—2z=0 xi+dx, +2x, =0 X+ 2%, =%, =0
(i) 2x+y+5z=0 (i) 2x+x,-35=0; (i) x-x+35x=0
5x+2y+8z=0 Ix +2x,—-4x, =0 2x, +x,+4x, =0

A triangle has vertices at 4(4,1), B(-2,5) and C(0,-3). Find the vertices of the
reflected triangle over the v-axis using a transformation matrix.

The point 4 is mapped to (30, 20, —5) by the scaling matrix P=| 0 -5 0

Find the coordinates of 4.
[Hint: If A is mapped to 4" by scaling matrix P, then AP = 4']

Find the equation of the image of the curve with equation v = ¥° under the
f - x

transformalion with associated matrix

i 80
Use the matrix 4 = |2 -1 1| to encode the message: KEEP IT UP, where
g 3 2

letters A to Z are comresponding to the numbers | to 26.
11][25]] 22|

Decode the message |20/ 10| 14| that was encode using matnix

43|[41]| 4]
"1 1 -]
A=11 0 1], where the numbers | to 26 are corresponding to the letters
12 LR
it Z




Partial Fractions

INTRODUCTION

We have learnt in the previous classes how to add two or more rational fractions into a
single rational fraction. For example,
1 2 3x
o —
x—1 x2+2 (x—D(x+2)

(1)

] 3 Sx5+5x—3

+ 4 = .
x+1 (x+17 x=2 (x+D)(x-2)

and (i)

In this unit we shall learn how to reverse the order in (i) and (11) that is to express a
single rational function as a sum of two or more single rational functions which are
called Partial Fractions.

Expressing a rational function as a sum of partial fractions is called Partial Fraction

Resolution. It is an extremely valuable tool in the study of calculus to decompose a
complex rational function into a sum of simpler fractions.

An open sentence formed by using the sign of equality *=" is called an equation. The
equations can be divided into the following two kinds:
Conditional equation: It is an cquation in which two algebraic expressions are equal

for particular values of the variable e.g.,

{a) 2x = 3 is a conditional equation and it is true

For simplicity, a conditional
equation is called an equation.

3
only if x=—=.
2
(b) X"+ x—6=0is a conditional equation and 1t is
true for x =2, —3 only.

Identity: It is an equation which holds good for all values of the variable ¢.g.,

{a) (tr+b)x = ax+bx is an identity and its two sides are equal for all values of x.

(b) (x+3)x+4)=x"+ Tx+12is also an identity which is true for all values of x.

For convenience, the symbol “=" shall be used both for equation and identity.
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5.1 Rational Fraction

An expression of the form L L . where P(x) and Q(x) are polynomials in x with real
x

coefficients and Q(x} # 0, is called a rational fraction. A rational fraction is of two

types.

5.1.1 Proper Rational Fraction

Plx)

A rational function Q{-r} is called a Proper Rational Fraction if the degree of the

polynomial P(x) in the numerator is less than the degree of the polynomial (Xx) in the

¥. x5 d":"-‘.rj S
T+l v+q A P are proper rational fractions or

denominator, For example,

proper fractions.

5.1.2 Improper Rational Fraction

. W L : ¢ i
A rational fraction ﬂ_)%c% is called an Improper Rational Fraction if the degree of the
polynomial P(r) in the numerator is equal to or greater than the degree of the
polynomial ((x) in the denommator.

¥ =3 tly £-3 dr‘—xg+:r+l
' 2x—3" (= 1)x+4) 3x+17C 45

For example

are improper rational fractions or improper fractions.
Any improper rational fraction can be reduced by division to a mixed form, consisting
of the sum of a polynomial and a proper rational fraction.

£ S _ . . pomes:
For example, L_7 IS an improper rational fraction. By long division we
R B 13 Jx+6

obtain T 3_r+(i+l—-"__2 x—l)m

; ; ) 3 —1 o
i.e., an improper rational fraction has :_ 5 been reduced +3x° Fox
to the sum of a polynomial 3x + 6 and a proper rational ok
fraction o — i3

When a rational fraction is separated into partial fractions, the result is an identity:

i.e., it is true for all values of the variable in the domain of identity.
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The evaluation of the coefficients of the partial fractions is based on the following
theorem:

f two polynomials are equal for all values of the variable, then the
polynamials have same degree and the coefficients of like powers of the
variable in both the polynomials must be equal”,

For example,

If p’ +qx’ —ax+b=2x"-3x"—4x+5, Vxthenp=2,g=-3, a=4and h=>5.

- a " & o , ‘.':.-F i = = -

5.1.3 Resolution of a Rational Fraction :} ! into Partial Fractions
O(x)

(x)

Q(x)

Following are the main points of resolving a rational fraction into partial

fractions:

(i) The degree of P(x) must be less than that of ((x). If not, divide and work with
the remainder theorem.

(i1) Factor the denominator (x)into its wreducible factor, write the rational
fraction into partial fractions.

(1i1)  Multiply the identity with the denominator of left hand side.

(iv)  Equate the coefficients of like terms (powers of x).

(v)  Solve the resulting equations for the coefficients.

We now discuss the following cases of partial fractions resolution.

Ax) into partial fractions when Q(x) has only non-

Case 1! Resolution of
0x)

repeated linear factors:

The polynomial O(x) may be written as:

Ox)=(x—a)(x—a2) ... (x —as), where a1#a2#....# an

P(x) _ 4, A, . AT
= +—I L+ is an identity.
Nx) x=—g; x—a, X =
Where 41, Az,..... 4, are numbers to be found.

The method 15 explained by the following examples:

” Ta+25 . . .
Example 1: Resolve _IFTed it partial fractions.
(x+3){x+4)
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Tx+25 A B
+

Solution:  Suppose =
(x+3x+4) x+3 x+4

Multiplying both sides by (x + 3) (x + 4), we get
Tx+25 = A(x+4)+B(x+3)
= Tx+25 Ax+44+ Bx + 3B
= Tx+25 (A+B)x+44 + 3B
this 15 an identity in x.
So, equating the coefficients of like powers of x we have
7 =A+B and 25= 44+ 3B

Solving these equations, we get and _
Tx+25 _ 4 W 3

(x+30x+4) x+3 x+4

Alternative method

Hence.

Tx+25 A B
Suppose = 4
(x+3)(x+4) x+3 x+4
= Tx+25 = A{x+4)+B(x+3)

As two sides of the identity are equal for all values of x,

Letusputx==3 and x=-4init.

For A, putting x + 3 =0 i.e,, x =3 we get,
—21+25=A(-3+4)
=5 A=4

For B, putting x +4 =0 i.e.. x =— 4 we get,
—28+25=B(-4+3)

=% B=3
Tx+25 4 3
Hence, = i+ .
(x+3Hx+4) x+3 x+4
T i
Example 2: Resolve * =k into Partial Fractions.

(x—D(x* —5x+6)

Hlllc-ﬂh

Solution: The polynomial x* — 5x + 6 in the denominator can be factorized and its

factors arex — 3and x — 2.
X =10x+13  x*—10x+13
(x—1)(x’ —S5x+6) (x—1)x—2)x—3)
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X-10x+13 _ 4 B  C
(x-D(x=2)x-3) x-1 x-2 x-3

Suppose

= =100+ 13=A(x—2)x—3)+ B(x = D(x=3)+ Clx— 1}{x—2)
which is an identity in x.
For A, putting x— 3 =01.¢.,x= 1, we get
(I =10(1)+ 13 =41 =21 =3)+B(1 = 1)1 =3+ C(1 = 1)(1-2)
= 1=10+ 13 =A4(=1){-2) + B(0) (- 2) + C{(0) (-1}
4=24
A=2
For B, putting x-2 =0 i.e.. x = 2, we get
(2 = 10(2)+ 13 =4(0)(2-3)+B2-1)(2~-3)+ C(2- 1) (0)

= 4-20+13 =B(1)(-1)
= =3 ==l
B=3

For C, putting x-3 =0 L.e.. x =3, we get
(37 -103)+ 13=43-2)(M+B3E-1) {0+ C3-1)(3-2)

= 9-30+13=C(2)(1)
= -8=2C
C=-4
Hence partial fractions are: 2 + 3 .

x—1 x=2 %13

i 2
Example 3: Resolve 26 ¥ —x=3 into Partial Fractions.
x(2x+3x—-1)

g X +xt—-x=-3 : 1
Solution: .. 18 an improper
W2x+3)x-1)

fraction so, first transform it into mixed form.

2+t —31:)213 e ety |
+2 0+ F

2r-3

Denominator = x(2x + 3)(x — 1) = 2" + x* — 3x

Dividing X+ —-x-3 by 27 +x7 = 3x,
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we have
Quotient = | and Remainder = 2x—3
X +x-x-3 _ . 2x-3
x(2x+3)x-1) x(2x+3)x-1)
2x-3 A B £
Suppose : == i
2(2x+3)0x-1) x 2x+3 x-1
= 2x=3 = AQx+3x—- D)+ B(x) (x— 1)+ Cx) (Zx + 3)

which is an identity in x.
For A, putting x =0 in the identity, we get |4 =1

For B, putting 2x + 3 =0} = x=~ % in the identity, we get |B I_g

For C, putting x — 1 = 0 = x =1 in the identity, we get [C=——

Hence partial fractions are:]1 + 1 8 _ ]
x 5(2x+3) 5(x-1)

Case I1: When Q(x) has repeated linear factors:
If the polynomial O(x) has a repeated linear factors (x — @), n = 2 and » 18 @ positive

integer, then F:I; may be written as the following identity:
x
P{'xl} _ AI. I "4" r1"

= - e -
Q(x) (x—a) (x—a) (x—a)
where Ay, Az, ..., A, are numbers to be found.

The method is explained by the following examples:
2 —

+
Example 4: Resolve it

— into partial fractions.

(x+2)
It . ¥+ x-1 A B C
Solution: Suppose == + 5+ 5
{x+2) x+2 (x-+2) (x+2)
= rt+x-1=Ax+2 +Bx+2)+C (i)
= r+x=1=A(x*+4r+4)+Bx+2)+C (ii)

For C, putting x + 2 =0, i.e., x =2 in (i), we get
(=20 + (=2) = 1=A(0) + B(0) + C
= 1=
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Equating the coefficients of x* and x in (ii), we get
and  1=44+B

=3 1=4+B =
1 3 |

Hence the partial fractions are: = =+ -
x+2 (x+2) (x+2)

Example 5: Resolve into partial fractions.

1
(x+ 1) (x" =1)
Solution: Here denominator =(x+ 1) (x*— 1)

=(x+1rx+Dx—-1)=(x+1Y{x-1)

1 B 1
(x+1P (=) (x+1)'(x-1)

I 4 B € D
(x=Dix+1  x=1 x+1 (x+1)’ (x+1)

= 1=Alx+ 1P +B+1P(x—=1)+Cle— Dix+1)+Dx—=1) ...(0)

= 1=A0+32 + 3+ D +BE+ 2 —x— IHCE - D+ D(x— 1)

= 1 =(A+B)HBABHONH3A - B+ DixH{A - B—-C—-D) ..(ii)
For A4, puttingx—1=0 = x=1 in (i), we get

Suppose

1 =42y = |4==

For D, putting x+ | =0 = x=-1 in (i), we get

1=D-1-1) = D:—%

Equating the coefficients of x* and x* in (ii), we get

0=A+B = B=-A = g=_%
31 % 1
and 0=34+B+(C = 0=——=+C = |C=—=
& 8 4
Hence the partial [ractions are:
1 4 1 I
[ 4 3+ 4 7 | 1 | 1

+ L — == — =
a=1 x+1 (x+1) (x+1)" 8x=1) &(x+1) 44x+1)° 2x+1)
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PV~ EXERCISE 5.1

Resolve the following mito |,1;:[1!:1| [ractions
1 1 . (x*+1) 2 2x+]1
=] T x+D(x=1) T (x=1)(x+2)(x+3)
I —4x-5 5 6x" +5x2-7 6 L=Dx-3)x-5)
(x—2Hx*+Tx+10) P ot C (x=2)x—4)x—06)
© +al

{ S X = 5 " = d'-'} [Hint: Put x* =y to make factors of the denominator linear]
o 8 [ ol T e o

2x* -3x+4 9 S5x*—2x43 0 4x
(x—1)° B 8 e C(x+ 1D x=1)
7

e
(x—3)}x+2)
Case I11: When O(x) contains non-repeated irreducible quadratic factors

Definition: A quadratic factor is irreducible if it cannot be written as the product of
two linear factors with real coefficients. For example, x* + x + 1 and x* + 3 are
irreducible quadratic factors.

If the polynomial ()x) contains non-repeated irreducible quadratic factors then %
[
may be written as the identity having partial fractions of the form:
fbc—ﬂg where 4 and B are the numbers to be found.
ax +bx+c

The method is explained by the following examples:

Example 6: Resolve into partial fractions.

Jx—11
(x+ 1)(x+3)

Solution: Suppose ,Jx_“ :A‘Tf+3 &
(x+D{x+3 x°+1 x+3

= 3x—11=(A.r+5]{x+3]-+-(.‘(.r1+]] (i)

= 3x-11=(4+ P2+ @A +Bx+(3B+C) (i)

For C, puttingx+3=0 =  x=-3 in(i), we get
-9-11=C9+1) =
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Equating the coefficients of x* and x in (ii), we get
0=A4+C = A=—C =
and 3=34+B=> B=3-34 = B=3-6 = B=-3
2X =8 2

-

7
¥+1 x+3

Hence, the partial fractions are:

Example 7: Resolve —:‘x, +:R'Y into partial fractions.
X' +2x+9
Salution: Here, denominator = x* + 2x* + 9 = (x* + 2x + 3) (x* = 2x + 3)
4x" +8x B 4x* +8x
FE20 49 (F 26+ 3)(x7 —2x+3)
4x" + 8x _ Ax+B Cx+D

Suppose : - = — i
(X" +2x+3Hx" —=2x+3} x +2x+3 x"—2x43

= 4 +8xr=(Ax+B){(x'—2x+ )+ (Cx + D) (x* + 2x + 3)
= AP+ 8x=(d+ ) +(=24+B+2C+D)
+{(34=28+3C+2D)x+3B+3D (1)
which is an identity in x.
Equating the coefficients of x°, x%, x, " in (i), we have

0=4+C (ii)
4=-24+B+2C+D (iii)
§=34-2B+3C+2D (iv)
0=3B+3D (v)

Solving (ii), (ii1), (iv) and (v), we get
l4=1], [B=2|. |C=~1]| and [D=-2]
x+2 = xe=2
7 +
X +2x+3 x'=2x4+3
Case IV: When Q(x) has repeated irreducible quadratic factors
If the polynomial O(x) contains a repeated irreducible quadratic factors (ax® + hx + ¢)",

Pix)

Hence the partial fractions are:

n 2 2 and n is a positive integer, then may be written as the following identity:

Plx) _  Ax+ B N Ax+B, — Ax+B,
O(x)  ax’+bx+c (ax*+bx+c)  (ax’ +bx+c)
where Ay, B, Az B2, ..., Ay, By are numbers to be found. The method is explained

through the following example:
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Example 8: Resolve into partial fractions.

(x* + 1) (x=1)

4x° _A_r+B+ {?1+D+ E
E+Dx=-1 P+l P+ x-1

= dx? = (Ax+ B)(x>+ D){x = 1} + (Cx + D}x — 1) + E(x* + 1)?

Solution: Let

= A= (A+E) '+ A+ B+ (A-B+C+2E) ¥
t=A+B=C+INz+(—B=D+E)

For E.puttingx—1=0 =x=1 in(i). we get
4=E(1+1} = [E=I

Equating the coefficients of 2 x xin (i1). we get
0=A+E = A=—E =
-——A+B = B=4 =
4=4-B+C+2E

= C=4-—A+B-2E=4+1-1-2 =

and 0=—A+B-C+D

= D=A-B+C==1+1+2=2 =

=x=1  2x+2 |

Hence partial fractions are: ——+—+
41 (x+1Iy x-1

P’ EXERCISE 5.2 4

Resolve into partial fractions:
9x-7 5 ¥ 415
(x* +1(x+3) L+ 2x45)Nx=1)
£ 5 2x-5

- I o L

Hlllc-ﬂh

(i)

(i)

x +1
*+1
8’

(" + 17 (1-x")




Sequences and Series

INTRODUCTION

In this unit, students will learn to analyze and solve problems involving arithmetic,
geometric, and harmonic sequences and series, including their real-world applications.
Leamers will identify various sequence types, compute finite and infinite sums, and

utilize sigma notation. Additionally, they will explore practical scenarios such as motor
vehicle leasing. investment planning, and financial calculations. This unit also
emphasizes applying these concepts to diverse fields, including healthcare, finance,
and traffic modeling. Finally, Students will be able to solve both theoretical and real-
life problems using sequences and series effectively.

Let us observe the following pattern of numbers.

(i) 5.11.17.23,.. (il) 6, 12,24, 48, ...
i) 4,20, 2 e d ay 2.3 8 18
39" 27" 81

In example (i), every number (except 5) is formed by adding 6 to the previous numbers.

Hence a specific pattern is followed in the arrangement of these numbers, Similarly, in

example (1i), every number 1s obtained by multiplying the previous number by 2.

Similar cases are followed in example (i11) and (iv). When a set of numbers follows a

pattern and there is a clear rule for finding next number in the pattern, then we have

sequence as in above examples.

6.1 Sequence

A systematic arrangement of numbers according to a given rule is called a sequence.

The numbers in a sequence are called its terms. We refer the first term of a sequence

as a,. second term as a, and so on. The "™ term of a sequence is denoted by a,_, which

may also be referred to as the general term of the sequence. and the terms immediately

preceding it are called the (7 — 1)st term. the {(n — 2)nd term and so on.

6.1.2 Finite and Infinite Sequences

1. A sequence which consists of a finite number of terms is called a finite sequence.
For example, 2, 5, 8, 11, 14, 17, 20, 23 15 a finite sequence of § terms.

2, A sequence which consists of an infinite number of terms is called an infinite
sequence. Forexample, 3, 10, 17, 24, .. is an infinite sequence, or more generally
as 3, 10,17, 24, ..., Tn—4, ... to show how each term was generated.
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Note:  If a sequence 1s given, then we can find its 7 term and if the n term of a sequence is given
then we can find the terms of the sequence,
Example 1: Find the first four terms of the sequences whose n  terms are given.

(1) a.=3n+1
Substituting n = 1, we have
a=31)+1=4
Similarly, a,=3(2)+1=7
a,=3(3)+1=10
a,=34)+1=13
The first four terms of the sequence are 4, 7, 10, 13
(ii) au=3n"-3
Substituting n = 1, we have
g =3(1¥-3=0
Similarly, a, =3(2F-3=9
3. =3 -3=24
g, =34y -3=45
The first four terms of the sequence are 0. 9, 24, 45
Sequences of numbers which follow specific patterns are called progression.
Depending on the pattern, the progression is classified as follows.
(i) Arithmetic progression {ii) Geometric progression
(111) Harmonic progression

“ind the next four terms of each sequence.
I Find the next tour terms of h uen

(iy 12.16.20. ... (i) 3,1,-1,...
2. Write down the first three terms of each sequence.
(i) ay=3n+5 (i) «,, = 4a, -7 and a =3
(i) an=(n—3)}n+1) ) a=-1,a. =
a,+2
(vl a =8-— s (vi) @ =1, a, =(3a +2)
I+ n
(vii) a, =(-2a (viii) @, =(=1)"7 #

wlin+1)

3 F " ik = 1 + YT " ¥ ]
3. An expression for the »" (riangular number i1s ———", Wnite down the 15

triangular number.
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4, Write down the n™ term of each sequence.
(a) 7.13,19.25; ... by 7.4,1,-2, ...
1 1 A 3
' T d _15,_4,?,!8,.-1-
(o) 2 3 45 (@
5. The n™ term of the sequence 2. 0, -2, -4, ... and the #™ term of the sequence

22 20, —18, -6, .... are equal, find the value of n,

6.2 Arithmetic Progression or Arithmetic Sequence (A.P.)
A sequence {a,} is an arithmetic sequence or arithmetic progression (AP}, if @, — an-
is the same number for all n € N and n > 1. The difference a, — a,-) (n > 1) 1.e., the
difference of two consecutive terms of an A.P., is called the common difference and
1s usually denoted by d.

Thus, an arithmetic progression is a sequence in which each term after the first is found
by adding a constant to the previous term. This constant is called common difference
of the arithmetic progression. (Note: |
For example: Following sequences are AP,
(i) 1,3,5 7, ... (common difference is 2)
(i) 54,51, 48, ... (common difference is —3)

Ifa,a,a,..a,.aeinAP,
then d=a ~-a=a-a =..
where a is #"™ term of the AP,
0An arithmetic progression with »n terms can be
written as;

a.a,+d, a+2d. .. [a+(n-1)d]

The #™ term of an arithmetic progression can be written as:
a, =a +{n—1)d

(i 1%, 2%, 3" and ™ terms of an A.P. are denoted by a, v, a, and a,_ respectively,

(i1)  #"™ term from the end of an AL is (m —n+ 1)® term where “m” denotes the lotal number of terms
of an AP.

(iii} Three numbers a. b, c are in AP, if and only if 2h=a+ .

(iv) Any term (except first and last) in an A.P. is equal to half of the sum of two terms equidistant
Trovm it

{v)  If the term a, is unknown or not given, the nth term can be writlen as a =a_+(n — it el

{the subscript of the given term and coefficient of o sum to )

The middle term of an A.P. depends upon the number of terms, e.g..
(i) 1.3.57.911isanAP withn=46
(i) 1,3,5,7.911,13isan AP. withn=7
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i.e., If the total number of terms of an A_P. is even, then there are two middle terms i.e..

[g )fﬁ and (g + 1 }rﬁ where n represent the number of terms. In example (i) 5. 7 are

two middle terms.

[f the total number of terms of an 4. P. is odd. then there is only one middle term i.e.,
[HTH ]rﬁ: term. In example (i1} 7 1s the only middle term.

6.2.1 Selection of terms in 4. P.

(1) Three consecutive terms of an A P. can be chosenasa—d, a,a+4d ora,a+d,
ora+ 2d

(ii) Four consecutive term of an A.P. may be written like a — 3d, a —d, a +d, a + 3d
orda, a +d, o+ 2, a+ 3d.

(i11) Last four consecutive terms if / is the last term can be written as below:
F—3d P—2d F—d, ¢

[f each term of an 4.P. is increased or decreased, multiplied or divided by the same
non-zero number, then the resulting sequence is alsoan A P.ie.if a., ¢,. ¢, ... a
in A P., then

(i) etk atk, .. a *k . arealsoin AP. with common difference *d”.

are

i

(1) ka,, ka,, .. . ka . .. arein AP. with common difference ‘kd”.

L4, a i ) d

‘—'. — v y—= ... AP arein A.P. common difference —.

ko k k k

(iv) Term by term addition or subtraction of two arithmetic progressions is also an
AP lLe.,

Ifa, a,, a, ...a,

(1ii)

and b, b, b, .. b

PEELE

- are in A.P, then at h,a, £,

a, t b, .. arealsoin AP,

Example 1: Find the general term and the eleventh term of the A.P. whose first term
and the common difference are 2 and —3 respectively. Also write its first four terms.
Solution: Here, a, =2, d=-3

We know that a4, =a, +{n—1)d
So a =2+Mm-1)-3)=2-3n+3
or a, =5-3n (1)
Thus, the general term of the 4P, is 5 - 3n
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Putting n= 11 in (i), we have

a,=5-3(11)
=5-33=-28
We can find a,, @,, a, by putting n =2, 3, 4 in (i), that is,
a, =5-3(2)=-1
a,=5-33)=-4
a,=5-34)=-7
Hence, the first four terms of the sequence are: 2, -1, -4, 7.

Example 3:  Ifthe 5" term of an 4.P. is 13 and 17" term is 49, find a, and a,,.
Solution: Given thata, = 13 and 4, =49

Puttingn=351in a, = a, +(n— 1)d, we have a, = a, +(5-1)d

a. =a, +4d
or 13=a,+4d A1)
Also a;=a,+(17-1)d
or 49 =a +16d
or 49 =(a, +4d)+12d
or 49 =13+12d by (i)

=5 12d =36 = d=3
From (1), a, =13-4d=13-4(3)=1
Thus &, =1+(13-1)3=37 and
a =l+(n—1)3=3n-2
Example 4: Find the number of terms inthe 4.F. ; if ¢, =3, d=7and a, =59
Solution: Using a¢_=a, +(n—1)d, we have
59=3+(n—1)%7 ( a, =59 a=3andd=7)
or Se=n—1)xT=(n-1)=8 =n=9
Thus, the terms i the A.P. are 9.
Example 5: If @, , =3n—11 find the #" term of the sequence.
Solution: Replacing n by n + 2, we have
dpi2-2=3n+2)—11I
an=3n+6-11
gy =3n -5
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P~ EXERCISE 6.2

Find the common difference and write the next two terms of each arithmetic
S-Ef[llfl'l.{:ﬂ.

() 9,16,23, ... (i) 5, 5+42.5+24/2,...
Write the first three terms of each arithmetic sequence, with given information.
(i) a =2,d=13 (i) a =12,d=-13

Finda,  ,and a,, ifa, =4+ 3n

Find the indicated term of each of the following arithmetic sequence.

(i) a=3d=74a,=14 £14 . T S .

The 18" term of a sequence is 367. The 30" term of the sequence is 499, How
many term of this sequence are less than 10007

Is 301 a term of the A.P. of the 5. 11, 17, ...7

If' 2%, x+ 8, 3x + | are in A.P., then find the value of x.

Which term of the A.P., 3, 8, 18, ... 15 123,

Which term of the AP, 30, 29,5, 29, 28.5, ... is the first negative term.

The 7" term and 21 terms of an A.P., are 37 and 107 respectively. Find the A.P.
and its 100 term.

! | I a—b a—c

, are in ALP., the show that - )
a—¢ b—c bh—a g—c H—-g

L)

How many numbers of three digits are divisible by 7'
Find the 8" term from the end of the A.P., 8, 11, 14, ..., 185,

(10 )
— | s k—} » -« . Is the progression
LS il i ;

skl mn

i
Find the n'" term of the progression L; J A

(17
an A.P.? Is it infinite?

[ the arithmetic progression 3, 10, 17, ... and 63, 65, 67. ... are such that their n*
terms are equal, then find the value of n.

[f the p™ term of an AP, is ¢ and the ¢" term is p. prove that its nth term is
(p=4g—n).

3 | ] . Qe
It —s — and — are in A.P.. show that b=
a b il a+e
: l o R e
If — —and — are in A.7., show that the common difterence is
a b ¢ 2ac
If @, and a, denotes two different terms of an A.P., show that its ™ term is
P 'I,
o ol
a, +(n —H("J’ L 1
e
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20. It @,a,.a,,..,4a, are posiive and in A.P., prove that

| | | n—1
- —p e — 2 - =

f | J [ | { L f { i ,"'
\;:’J‘ T \r,-u_ 1\\..n'., =F .u::: "'..'I'I'l G .h.ﬁ_ 1\\..ln'l —\‘!H_

If the roots of the equation (h—¢)x" +(c—a)x+(a-h)=0 are equal. Show that
a, b, ¢ aren AP.

22. It the sides of a right-angled triangle are in A,P., find the ratio of its sides.

23, If the #™ term of a progression is a linear expression in n, then prove that this

progression is an AP
0.3 Arithmetic Mean (A.M.)

A number 4 is said to be the A.M. between the two numbers a and b if a, 4, b are in
AP If d is the common difference of this AP, then A —a=dandbh -4 =4,

Thus A-a=hb-A _ :
m If A, Ay Ay 1o A, are said 10 be o
or M=ath A.Ms. between two numbers a and b, then
a+h d, A A Ay, A barein AP
= A= >

Example 6: Find three A Ms. between 2 and 34/2.
Solution: Let 4,, 4,, 4, be three A.Ms. between +/2 and 342, Then,
N2, AL Ay, Ay, 32 arein AP
Here a, =2, as =32 using a;=a,+(5-1)d or W2="2+4d
= d= EJ_ £ = L
4 V2

Now A =a+d = J"—h-—:
J_

2
(

. & o

A =4 +d=
ekttt J‘ 5
441
A=A +d=22+
J' Wz B
Therefore, zJ_ are the three A Ms. between Jf and 3~4r

g
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¥V~ EXERCISE 6.3

Find A M. between the given numbers

(1) 24430, 23 (iiy (a+b),(a-b)
2. If6, 11, 16 are three A.Ms. between « and b, find @ and b

i 13
3. Insert five A.Ms, between \F and J_

T
4. The AM. of two numbers 15 7 and thewr product 1s 45. Find the numbers
. . y " " br—
5 If nn arithmetic means are inserted between a and b, prove that o = + where

Fi <+
d 15 the common difference.
; . 2 Ty

6. I 4isthe AM. between a and b, prove that (a— A4) +( A=b) = o —}

7. For what value of n, = . I :r 15 the A.M. between o and b, where a# 5.
i+
6.4 Series
The sum of the terms of a sequence is called the series of the corresponding sequence.
For example, | +2+ 3 + ... + p is a finite series of first » natural numbers.
The sum of first n terms of series is denoted by S,
We write, Su=a) + a2+ - +an
Here, S1=m
51 =) taz
Si=ar+a+a
Si=a +ax+a + -+ a,is known as ' partial sun.
The sum of the terms of an arithmetic sequence is called an arithmetic series.
To develop a formula for the sum of any arithmetic series, consider
S, =a,+{a +d)+(a,+2d)+ ..+ (F=2d)+( =d)+ ¢ (where a, =)
S =+ {I=d)+(*+2d)+ o+ (a,+ 2d) +(a, + d) + g,
Thus, 25, =(a ++{a, +)+(a+ )+ -+ (@ + )+ (@ +7)+(a,+ )
=nfa, +¢) [ We have nterms of (&, + 1)]
& =%{a] +0)
But, f=a +(n=-1)d (Substitute £in 5 )

Thus, §,= %[a, ra +(n—Nd]= iz’[::a, +(n—-1)d]
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Example 7: Find the sum of the first 100

positive integers. The sum S, of the first n terms of an
Solution: The series 18 1 + 243+ ... + 100. | yrithmetic series is given by

Since you can see that a =1l,a,=100and

_ T s =g 4 (=) or S = (e 4 i)
= 1, you can use either sum formula for this _ 2 %

arithmetic series.

Method-1 Method-2
S =2(a +a,) S, == 2a,+(n-1)d]
2 2

S =%{I+Iﬂﬂ) S,w=%[2(1}+{lﬂﬂ—l}1]

S, = 50(101) Sy =350(101)

Sy = 5050 Sy = 5050
Example 8: Find the 19" term and the partial sum of 19 terms of the arithmetic series:

il
2 2
o 3
Solution: Here, ¢, =2 and d= a,—a, ==
Using a,=a+(n-1)d

b, = z+{19—n%

2+]8(—;—]= 2427=29

Using S, = g{al +da )

19 19 589
§.= —(24+29)==(31)=22

Example 9: Find the arithmetic series if its fifth term is 19 and S, = a, +1.
Solution: Given that a, =19, that is,
a,+4d =19 (i)

Using the other given condition, we have

5= g[za, +{d-Dd]=a,+1
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or  da,+6d = a +8d+1
3a,-1=2d
Substituting 2d = 3a, = 1in (i), we have
a+2(3a,-1)=19
or Tay=21 = a4=3
From (i), we have,
4d =19-a, =19-3=16
=5 d=4
Thus, the seriesis 3+ 7+ 11 +15+19 + ...

Example 10: How many terms of the series -9 -6 -3 +0 +
Solution: Here, g, =-9 andd=3 as 6—(-9)=13.

Let S, =66

Using § = —;[Ea, +(n=1)d]. wehave

66 = g—[zf—g)ﬂn— 3]

or 132=n[3n-21] = 44=nn-7)
or nt=Tn—-44=0

, TENA9+176

2
724225 7115
S22

Hlllc-ﬂh

oo amounts to 667

= n=11,-4

But nn cannot be negative in this case, so n = 11, that 1s, the sum of eleven terms amount

to G6.

Example 11: Find the first three terms of an arithmetic series in which a, =9, a, =105
and 5, =741.

Solution: Step — I: Since we know a,. a_and §_,

Use §, =§[a, +a ) to find n.

741:’2—’{9“{}5;

T41=5Tn
13=n

Step —Il: Find 4.
a, =a,+(n=1)d
105=94(13-1)d
96=12d
8=d




TP ) Sequences and Series <n> Mathematics

3]

4= L

Lh

-

9.

(),
115

Step — II: Use d to determine a, and a,.
a,=9+8=17, a,=17+8=25
The first three terms are 9, 17 and 235.

P EXERCISE 6.4 4

Sum the series:

(1) 3+6+9+..+a, (i1) i+w"§+i§+---+ﬂn

AL

Find & for each arithmetic series:

(i) ar=4,n=25, a;=100 (ii}) a;=40,n=20,d=-3

(iii) ax=52,n=21,d=-4

Find a; for anthmetic series; =8, =19, §, =1786

How many terms of the series: 96 + 93 + 90+ ... amount to 1071,

If the three sides of a night-angled tnangle of perimeter equal to 36cm are in ALP.
find them.

Sum the series

(i) 3+5-T7+9+11-13+15+17-19+ ... to 3n terms.

(i) 1+4-7+10+13-16+19+22-25+ ... to 3n terms.

Find the sum of 20 terms of the series whose " term is 3¢ + 1.

The 5™ and 9" term of an A.P. are 11 and 17 respectively. Find the sum of 20
lerms.

Obtain the sum of all integers in the first 1000 positive integers which are neither
divisible by 5 nor by 2.

The sum of 9 terms of an A.P. 15 171 and its eighth term is 31. Find the series.
The 5™ term of an arithmetic progression is 21 and the sum of first six terms is
90. Find the 18" term.

The sum of three numbers in an 4. P. 18 24 and their product 1s 440, Find the
numbers.

The first four terms of an A.P. are 2, 6, 10 and 14. Find the least number of terms
needed so that the sum of the terms is greater than 2000,

Find four numbers in A.P. whose sum is 32 and the sum of whose squares is 276,
Find the five numbers in A.P. whose sum is 25 and the swn of whose squares 18
135

Ll I I : T :
I ; " are in 4. P, then show that ¢, b, ¢ arein A.P
a+b e+a b+re
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7. The sum of the first four terms of an 4.2 15 56. The sum of the last four terms is
112, If itz first term 15 11, then find number of termas.

I8, The first term of an A.P. is a, the second term is b and the last term 15 ¢ show that

{-"-“'t. _}:.'.:I[L 'r.I_l

3{.‘“‘ !.f]

the sum of A.P. 15

19, Show that the sum of n A.Ms. between a and b 15 1 times the single A. M. between
them,

6.5 Geometric Progression (G.P.)

A geometric progression or geometric sequence is a sequence in which each term after

the first is found by multiplying the previous term by a nonzero constant »r called

common ratio.

Like arithmetic progression, we can label the terms of a geometric sequence as

a,, a,, a, and so on, a,#0 . The n™ term is @, and the previous term is a, . So,

a,=r(a, ) Thus, r= i That 15, the common ratio can be found by dividing any
ar.'—l

term by its previous term.

6.5.1 Rule for nth term of a G.P.

Each term after the first term is an r multiple of its preceding term. Thus, we have,

21
a, =a;r=ar

2 el
L =ar=(arir=ar =a

——

i

2 3 4-1
a,=ayr=(ar y=ar =ar

a, =ar"" which is the general term of a Gi.P.
6.5.2 Properties of G.P.
(i) Ifeach term of a G.P. is multiplied or divided by the same non-zero number, then

the resulting sequence is alsoa G.P. e, 1f g, g,. g, .. g, .. arein G.P. and k1s a

non-zero number, then
(a) kg, kg, ke, ke, ... arein GP.

(b) %, _ii, %—1 - S . are also in G.P,

(1) The reciprocals of the term of a G.P. also form a G.P. 1.e., if' a, b, c are in G.P.,
|

then —, ]— ) are also in G.P.
a b ¢
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(ii1) If each term of a G.P. be raised to the same power, the resulting numbers also
forma G.P. e, ifw, b, c are in G.P., then a", ", ¢" are also in G.P.

{iv) Three numbers a, b, ¢ are in G.P. if and only if b* = ac.

(v} Ifthe set of positive numbers a,, a,. a,,.... a,.... are in G.P., then log a,, fog a..

fog a,, .., fog a,, .. are also in A.P. and vice-versa.

(vi) Term by term multiplication or division ol two G.Ps. are also in G.P. 1.e.,
ifa,a,,a,....,a,and b, b, b, ...b, arein GP.then ab, a,b,, ab,, ... and

ﬂ, ﬂ. i, ... are also in G_P.
b b, b
Example 12: Find the eighth term of a geometric sequence for which a, =-3 and
r=-2
Solution: Here, o, ==3, r==-2, n=%8
a, =a-r""
a, =(=3)-(=2)""
a, = (-3} (-128)
a, =384

Example 13: Write an equation for the nth term of the geometric sequence
3.12.48,192, ...
Solution: Here a4, =3, r=4

=]

a, =d;-r
a,=3-4"
Example 14: Find the tenth term of a geometric sequence for which a, = 108 and r = 3.
Solution: Step 1: Find the value of a,. Step 2: Find a,,.
Here,n=4, r=3, a, =108 Here,n=10, a,=4,r=3
ﬂrr:ril-r”"' e
a,=a,+-3" a,=43""
108 =274, i, = 78,732
4=ua,

Example 15: Find the 5" term of the G.P., 3,6, 12, ...

Solution: Here g, =3, a, =6, a, =12, therefore, r = s 3 g =2,
4
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Using a_=ar""' for n =35, we have

a=ar '=32""=32"=48
Example 16: Find a_ if a, =

— dnd
27
Using  a,=ar

=]
1

et
Soelution: To find a, we have to find a, and r.

<>

daa0? FLER
729

(1)
a=art=ny ., 80 oap= 3 (i1)
27
: ~6H4
and a,=ar '=ar® so ar'=—m 1)
: ’ Y729 ¢
—b4 ;
Thus, G120 - or = _—2] v B
a, 8 27 3 a,
27
2
= F=——=
3
Put ' =

H

Find the 8" term of the sequence, 3. 3

the value of .

Ihe 0™ terms of the sequences 1, 2, 4

ke

—— in (ii), to obtain a, that is,
8
L —E =

Now putting a, =—1 and r= j{ n (i}, we get,

1) 2
-2

P~ EXERCISE 6.5

Find the 6™ term of the G.P.: -6

Find the first five terms of each sequence described:
(i)

B
27

a

—_

ir—1 2 =1 ~+ i
] =(—1}i—1}""-(§] =(—1]"[§] for n =1.

—
- -
1 —
-

, 8, ... and 256, 128, 64, ... are equal. Find

Gl 4 =519, Fe—c

Maithematics
ar’ ;L\"

——=

a\r

(taking only real value of r)
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120 termof’ 1 + 4,21, 2 + 24, ...

Find the
6. If the 4™ and 9" term of a G.P. are 54 and 13122 respectively. Find the G.P. Also
find 115 general term
i. Ifa,b, e, dare in G.P. prove that:
(iy a-b,b—c,c—~dareinG.P.
(i) &’ —b*, b -, ¢’ —d” are in G.P.
(iii)y e’ +b, 0+, ¢"+d arein G.P.
8. I(p+ ¢g)" term of a G.P. be m and (p — )" term be n, then find the p™ term.
9.  Find 1[11'-:': consecutive numbers in G.P. whose sum is 26 and their product 1s 216.
10, The 3 term of a G.P, is the square of 1* term. If the 2 term is 9 then find the 6™
term,
lar

= G | |
1Y, T ,f_ and — are in G.P. Show that the common ratio 15 LW..II
o 7 [

12, If the numbers 1. 4 and 3 are subtracted from three consecutive terms of an A.P.,
the resulting numbers are in (P, Find the original numbers if their sum is 21.

13.  If three consecutive numbers in A.P. are increased by 1, 4, 15 respectively, the
resulting numbers are in G.P. Find the original numbers if their sum is 6.

15. If p" ¢" terms of a G.P. are ¢ and p respectively, show tha (p + ¢)™ term is

1
(¢"+p" ).

16, Ifa 2a+2 3a+3, ... areinG.P., then find the fitth term.

6.6 Geometric Mean (G.M.)

A number (7 15 said to be a geometric mean (G M. ) between two numbers a and b if a,
G, b are in G.P. Therefore,

E = E MG G, 6 i G, are said to be #

a GM&WMunumbﬂsnﬂdblf
::. Gl =ab G G G;,flilG ﬁﬂl‘:inﬁP

=y G= iﬂ
6.6.1 Relation Between A.M. and G.M.
If 4 and G are respectively A.M. and G.M. between two numbers ¢ and b i.e.,

A*-{j—b and G =/ab, then

(i) A>Gifath (i) A=Gifa=bh
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Example 17: Insert three G Ms between 2 and é i
Solution: Let G|, G,, G, be three G.Ms. between 2 and é» Therefore

2.G,G, G},% are in G.P. Here g, =2, ﬂ5=é and n =35,

using a,=ar"" we have

a.=aypr’" e, a;=ar' (1)
Now substituting the values of a, and a, n (i) we have
| 1 o
-=2r" or r'=— ii
5 ! r y (ii)
Taking square root of (ii), we get
r1=tl
2
i s oF g ‘g
We have, " =— or re=——=— (" =1=i)
2 2 2
= r—+—l- or r—-’--l—i’
5 =
Whsh P then{}'—l[—]—w— 3¢ —"{—lj—l G =2
N2 C2) S 7T
% |
When r=—; then G[=2[—; =—"\‘IE. G,=2[—F]} =], G,=2
i i i Y
When r=—f0, then G, =2| —= |=y2i, G, =2 —= | ==1, G,=2
V2 ‘ [ 2 [JEJ
3 LN Y
—i —i i
When #r=—=, then G, =2| —= |=—2i,G,=2| —= | =-1,G, =2
it B )

The real values of r are usually taken but here other cases are considered to widen

of the students.

P~ EXERCISE 6.6 _§

Find G.M. between:
{iy —2and¥ {1n) —2iand 8¢

Insert four real geomeiric means between 3 and 96.

(iii) 6and 9

between x and v 15 less than their arithmetic mean.

Hllbenﬂh

H both x and v are positive distinet real numbers, show that the geometric mean
I | L
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: d +& - ; : -
4. For what value of n. ————— 1s the positive geometric mean between ¢ and 57
a +h"
5. The A.M. of two positive integral numbers exceeds their (positive) .M. by 2 and

their sum is 20, find the numbers.
6. The A M. between two numbers 1s 5 and their (positive) G.M. is 4. Find the
numbers.
The arilthmetic mean between two positive numbers o and b 1s double their
seometric mean. Prove that o rb= 2+ J3:2=43
8. If one geometric mean G and two arithmetic means p and g be mserted between

two positive numbers, show that G* =(2p—¢)( 29— p)

6.7 Geometric Series

Suppose you e-mail an Islamic quote to three {riends on Monday. Each of those friends
send it to three of their friends on Tuesday. Each person who receives the quote on
Tuesday sends it to three more people on Wednesday and so on.

f% - Monday - v eernienians
(B Tucsday -+eeeo ﬁl
E.g_ﬂ Wednesdiay -’4-\2 o an -4\ mad N ‘A../.I.\..“-. .A./.I.\.‘.. .A..\. A

Notice that every day. the number of people who read your Islamic quote is three times
the number that read it the day before. By Sunday, the number of people, including
yourself, who have read the quote 1s 1 +3 +9 + 27 + 81 + 243 + 729 + 2187 or 3280.
The numbers 1, 3, 9, 27_ 81, 243, 729 and 2187 form a geometric sequence in which
a, =1 and r = 3. The indicated sum of the numbers in the sequence, 1 +3 + 9 + 27 +
81 + 243 + 729 + 2187 15 called a geometric series.

a(l-r }

1=
To develop a formula for the sum of any geometric series. consuier

The sum of a geometric progression can be written as: 5, = r#l

S =a+ar+ar’+ . +ar’ T+ar’  var"! (i)

2 =3 -2 = .
rS =  ar+ar’+..+ar' T +ar” var’ var” (1)
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Subtracting (ii) from (i}, we get (Note: |

S —¥S =g —ar" Ifr=1,then §, = na,
S (l=ri=a(l-r")

g - a{l—r")

P E I
i 1-r

Example 18: Find the sum of n terms of the geometric series if a_= {—3}[%j :

Solution: We can write (—3)[% I as:

EHOREHET

s F R 6 2
Identifying | —— | — with a»" ", we have ¢, =—— and r=—
B D 5 5
- "
5]
e, 5= AU20)
l=r I—E
5
L "'\\Ilf
= _6 E] 1— 2 =(=2)|1- 2
503 5 5
P’ EXERCISE 6.7
. Find the sum of first 15 terms of the geometric sequence |, —I {l
3 9
2. The 3" term of a G.P. is 16 and the 6™ term is —128. Find the first term and the

sum of the first seven terms.
Sum to n terms the series:
(i) 02+022+0222+-.- (i) 3+33+333+---
4.  Sum to # terms the series
(i) 1t{@th)y+(@tab+b)+(a*+a’htab’+b)+-
(i) r+(1+07+0 +k+iE+ -

e
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5. Sum the series 2 + (1 — ) 4 | - |70 lo 8 terms.
W
G, Show that the ratio of the sum of first # terms of a G_P. to the sum of terms from

I i 1. H i e
{n+ )" to (2r)" term 1s —, where r is the common ratio of G.P.
¥

6.8 Arithmetico-Geometric Progression (A.G.P.)
.. 18 a G.P. then the
sequence formed by multiplying the corresponding terms of A P, and G.P_, thatis, a,b,,

Suppose a,, dy, @y, oo, 4, o isan AP, and by, by, by, oL B

e

ayba, aghy, o a b s said to be an arithmetico-geometric sequence.
Consideran AP g, a+d, a+2d, ... {a+(n-1)danda G.P., b br,br? .. b"""
where r=1.
Multiplying the corresponding terms of AP. and G.P., we get an arithmetico-
geometric sequence

ab, (a+ d)br, (a + 2dbr?, ..., fa+ (n— )dy b !

" term of arithmetico-geometric sequence is product of n™ term of A.P. and n™

The n
term of G.P. Thus, n™ term of such sequence has the form
fa+m—Ddrb!
6.8.1 Arithmetico-Geometric Series
Sum of the terms of arithmetico-geometric sequence is called arithmetico-geometric
series. Thus, arithmetico-geometric series has the form
ah+ (a+dbr+(a+2d)br* + -+ la+(n— Ddybr” !
Sum of #th Terms of Arithmetico-Geometric Series
Let Sp=ab+(a+dbr+(a+2db + -, +[a +(n— 1)d]b" (i}
Then 1§, = abr+ (a4 dybi? + - 4 [a+ (n = 2)dlb” '+ [a+ (n = Dd]b” (i)
Subtracting (ii) from (i}, we get
(1-r)§,=ab+ [dbr+dbr” + - +dbr" ' =[a + (n = Dd]b"
¢ dbr(l—r"")
1-r
dbr  dbr"
l-r  1-¥
g = ith N dbr B dbr" N [+ (n—1)d }br"
! I-r (1=-rY (1-#) 1=7
which 1s the required sum of the » terms of anthmetico-geometric series.

=ah —[a + (n— 1)d]br"

— [et + {n — 1)) "

(iii)
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6.8.2 Sum to Infinity of Arithmetico-Geometric Series
If |r] < 1, then " — 0 and " — Qas n —

ab dbr
_+ -

I-r (1-r)y
which 1s the required sum to infimity of arithmetico-geometric series.
Example 19:  Sum the series upto n terms: 2-1 +3-2 +4-4 + 5-8+ .

Therefore, (i) reduces to §_ =

Solution: Let§ =2-1+32+4:22+ 52+ .. ton terms
nthtermofthe AP, 2,3, 4,5, ... isgq +t(n—-1)d=2+(n-1)(1)
=2+n-1
=n+1
nthtermof the G.P,, 1,2,2%, 2%, . isas" '=12"1=2""1
So, 5,=21+32+422+528+ . +(n+1)2""" (i)
Multiplying both sides by common ratio of G.P., we get
28 =22+43224422+52%+ L+ (2" T+ (n+ 12 (11)

Subtracting (ii) from (i), we get
S, —28 =21+(3-2)2+4-3)2+G-42+ . +n+1-n2" ' —(n+1)2"
=, =21+ 12+ 1P+ 02 0 + LT < + 12"
-8 =2+{2+2243 4+ 42" N+ 1)2

22" -1)

S=2+ 53 —(n+1)-2"
—S =22
—§ =2
= g2n
Example 20: Sum the series upto n terms: 3:1 +4-2+ 522+ 6:2% + ...
Solution: Let§ =3-1+42+ 522 +6:28, .
ath term of the A.P., 3.4.5.6, ... is a, +n — 1)d =3 +{n - 1)(1)
=3+n-1
=p+32
nthterm of the G.P., 1,2,2%, 2%, . isap” '=1(2)" '=2""!
So, §,=31+42+522+62+. . +(@m+1)2"! (i)

Multiplying both sides by common ratio of G.P., we get
2S‘:.'l =32+422+52+ + (n+ 1)2% 1 +(n+ 1)2" (i)
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Subtracting (ii) from (i), we get
5,—25 =32+@4-3)2+(5-4)22+(6-5)2+.+n+2-n-12"""—(n+2)2"
-8, =31+12+122+ 122+ ..+ 122 = (n+2)2"
—8, =3+42+224204 427 —(n+1)2"
-5, =3+ - Calle —(n+2)2"
2=1
-8 =3+2"-2-n2"-22"
-8 =1+2"-p2"-2=14+(1-n-2)2"
-5 =1L+ (—n—-12"
§ =—1+(n+1)2"
Example 21: Sum the series upto n terms: 2+%+§+ ;+
Solution: Let§, = 2+E+E+i+... to s terms
3 9 27
nthtermofthe AP, 2.4, 6,8, ...158 =2+ (n— 1)2)
=2+4+2n-2=2n

we=]
ath term of the GP., 1, -, L, L ...is{l}[lj . 3
379 27 3 ¥

So 8 =24—+—+—4% : (i)
o 27 3
b o2 8,8 o800, 3 (ii)
3 39 27 LR T

Subtracting (ii) from (i), we get

1 4-2 6-4 B-6 2n-2n+2 2n
1—— |5, =2+ + + ¥ T A
3 3 9 27 3" 3"
[ 2
E.‘:'.'"=11£+ E+E+£+___+i_] = el
3 3 9 27 3 3
2 3
25 gy 3L N3 1) 20
3 l_l 3.'I
3
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=] Ul
26 3 (LY _auf}
3 3 3
H—I o
5,-2- 3L L
350 3

Example 22: Find the sum to n terms of the series: 1 + 2x + 3x* + 4x* + ... where
x# 1. If [¥] < 1, sum the series to infinity.
Solution:  LetS =1+2x+3x7 +4+ . +ma"! i)

xS, =x+ 27 +30 + =D+ (i)
Subtracting (ii) from (i), we get
(I-%)8, =1+x+2+2+ . +x" 1t

_ ld-x }wm-"'
l—x
_ 1= —nll—x)x"®
I-x

1—x" —nx" + nx™

I-—x
a2 rtl
(1-5)3, = I=(n+1x" +nx
1-x
5 = ]—(H+]}x”jrmr:"*'
(1—=x)°

[flx]< 1,thenx" — 0 as n — o
|
(1-x)*
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P~ EXERCISE 6.8

Find the ™ term of the arithmetico-geomelric sequence, where the arithmetic part

is 1,4, 7, ... and the geometric part i1s 5, 10, 20,

2, Find the n™ term of the arithmetic-geometric sequence, where the arithmetic part
i53,7, 11, ... and the geometric part is 2, 6,18, ..,

3. Consider the arithmetico-geometric sequence defined by arithmetic part:
2 : | g :
a,, =2n+35 and geometric part: b_, {—1’ —3)". Find the #™ term and the sum of
" )
first three terms of the arithmetico-geometric sequence.
4. Sum to n terms the following series:
(i) 12+434+58+716+... (i) 23+43+63+83+ ...

811 : 3 5 7
M) 2+—+—+—=+... W) l+d—d—dF—=-...
(11} yE (iv) sttt

5. Sum the following infinite series:

(1) I+E+E+E+.,. (i1) 2+E+§+H+.__
2 4 B 3 9 27

| 1 | |
6. Showthat 27- 44 §*- 16" . a=4

7.  Showthat v4 - ¥16 - Y64 - Y256 .. a0 =16

8.  Sum ton terms the series 2+ 4x+6x" +8x +.. where x =1

) . . 2n+1 _fZn+1 ¥ (Im+1Y
9. Find the sum to »# terms of the series: — + 3 - | + :ﬁ| — | oo
2n-1 w1 ) 2m—1
T T W .
10. Prove that: 1+2] 1+— 43/ 14 ] f . TO M ICTINS = 11
% M \ N
1. Sum the series to n terms 2+ 3x+8x" +11x° +.. and deduce the sum to infinity
if |x|<1.

6.9 Harmonic Progression (H.P.)
A sequence of numbers is called a Harmonic Sequence or Harmonic Progression if the

reciprocals of its terms are in arithmetic progression. The sequence 1. is a

12l
3'.8'7

harmonic sequence since their reciprocals 1, 3, 5, 7 are in A.P.




VPSR ) Sequences and Series <ur> Mathematics

Remember that the reciprocal of zero is not defined, so zero cannot be the term of a
harmonic sequence.
The general form of a harmonic sequence is taken as:

I I . . 1
— : v Whose n termis ——

a, a+d a+2d a +(n=1)d
Example 23: Find the n™ and 8" terms of H.P. ; % % %

Soelution: The reciprocals of the terms of the sequence,
-I-. -lv r]- < -are 2,5,8;..
2 58
The numbers 2,5, 8, ... arein AP, So
a =2andd=5-2=3

Putting these values in 4, =a, +(n—1)d, we have

a, =2+(n-1)3
=i -1
Thus, the n™ term of the given sequence = 2 and substituting n = § in )
a 3In—1 In-1
we get the 8" term of the given H.P. which is J = —1
Ix8-1 23

Alternatively, a, of the 4.P. =g, +(8-1)d
=2+7T7(3)=123

Thus, the 8" term of the given H.P. = %

.J
Example 24: If the 4™ term and 7" term of the H.P. are % and é respectively, find

the sequence.

N
Solution: Since the 4™ term of the /HL.P. = % and its 7" term = fg, therefore the 4"

- - 3 1
and 7" terms of the corresponding A.P. are ]E and % respectively.

Now taking a, , the first term and 4, the common difference of the corresponding 4. P,

we have,

13 25

atdd=— () ad  a+6d=" (ii)
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Subtracting (i) from (i1}, gives

%
Ed:“—S—E:ﬁ = d=2
2 2
From (1), we get
a,zE—Bd :E—ﬁ-l
2 2 2
1 5
Thus. a, ofthe A.P.= a +d =E+2=E
and a, of the A.P. = a +2d :%+2(2;|
=~l~+4=E
2 2
2
Hence the required H.F. 15 E ‘ E,L
1'579713

6.9.1 Harmonic Mean (H.M.)
A number H is said to be the harmonic mean (H.M.) between two numbers a and b if
a, H. barein H.P.

Let a, b be the two numbers and H be their H.M. Then l # % ¢ in A.P.
i
1 1 b+a
T ok b
Therefore. L b g B0
H 2 2 2ab
and H= L,
a+h

For example, H.M. between 3 and 7 1s
2x 37 2x2] 21
347 10 5
6.9.2 n Harmonic Means between two Numbers
H.,H,, H, - .H, arecalled n harmonic means (H.Ms.) between « and b if

a, H,, H,, H,, .., H_ ,barein H.P. If we want to insert n H.Ms., between a and b, we

first find m A Ms A4, 4,, ..., A between . and ! , then take their reciprocals to get n
a

H.Ms, between a and b, that is, » ]I will be the required n H.Ms. between

11
4 4,
aand b,
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Example 25: Find three harmonic means between 1 and % .

Solution: Let 4, 4,, 4, be three 4. Ms. between 5 and 17, that is,
5.4,4,,4,,17arein A.P.

Using a, = a, +(n—1)d, we get
17 =5+(5-1d (v a;=17 and @, =5)
4d =12
= d=13
Thus, A =5+3=8, A2=5+2{3}=H and A3=5+3(3]=14
Hence % I_]] ﬁ are the required harmonic means.

P EXERCISE 6.9

[.  Find the 9" term of the following harmonic sequences:
L : o =1 =]
1) oz (), ==y =1
3 57 5 3
2. Insert five harmonic means between the following given numbers:
L =2 2 iy © 1
(1) — and — (if) — and —
5 13 4 24
: ; e B o R :
3. The first term of an /1P, is —— and the fifth term is —. Find its 9" term.
5 5
4. IS5 is the harmonic mean between 2 and b, find b.
é : 1 I . : :
5. Ifthe numbers —, - and - = are in harmonie sequence, find &.
P 2k+] 4k -1

=1 =1
” a™ el .
6. Find » so that G may be H M. between « and 5.
a +

T If &, b and ¢ are in A.P. show thata + b, ¢ + ¢ and b + ¢ are in FH.P,

: 9 : :
8. I the HM, and A M. between two numbers are 4 and = respectively, find the

numbers.
. e ; 6
9. If the (positive) G.M. and H.M. beiween two numbers are 4 and —, find the
]
numbers.
.bh+ec—a c+a-b a+b-c

10, It - : are in AP.. show that ¢, b, ¢ are in H.P,
i h i
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11. WWa, b, ¢, dare in H.P.. show that {a—-bMe—d)={b—cHa—d)
12, [fbetween any two numbers there are inserted two AMs. 41, Az, two G.Ms, G,

A+A +F
G2 and two H.Ms. Hy. H-: show that 2 A 'lr—
GG, HH,

3. The HM. of two numbers is 4. The AM., 4 and G.M., & satisfy the relation
24 + G*=27. Find the numbers.

4. First three of the four numbers a, b, c. o are in A.P., and the next three are m H.P..
show that ad = be,

5. Ifa, b, carein G.P., show that log, x,log, x, log xare in H.P

16. Ifa, b, care i H.P., show that

: a—-b a 3 2

(1) 5 =— {11) {a—c} =(a+f}{a—2b+c].
—¢

17. W2+x, 5+xand 9+ xarein H.P.. find the value of x.

8. If the roots of the equation a(b — o)™+ be — a)y + ola — b) = 0 are equal, prove

that @, b, e are in H.P.

6.10 Miscellaneous Series

The Greek letter (sigma) 1s used to denote sums of different types. For example, the

e | T

L
notation Zﬂf is used to express the suma, +a,,  +4a,, ,+..+a, and the sum

d=m

expression | +3 + 5+ ... tom terms is written asz{ﬂ: —1), where 2k — 1 is the K
k=1

term of the sum and & is called the index of summation. 1" and » are called the lower
ltmit and upper limit of summation respectively.

The sum of the first # natural numbers, the sum of squares of the first # natural numbers and
the sum of the cubes of the first n natural numbers are expressed in sigma notation as:

]+2+3+,,.+n:zif; 12+22+31+,..+nz=zk: : 1"+2"+3”+...+n":Zai.r'1
k=1 k=1 k=1

We evaluate E[k"' ~{k—1)"] for any positive integer m and shall use this result to
£=

find out formulae for three expressions stated above.
Z[A"h‘_tk _l}ﬁu] ={lf-l| _ Dw}+{2m _]rH }+{3¢II _ZH-I ]+ e
k=1

+ [(n=1)"=(n=2)"]+[n"=(n=D"]=n"
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1.8, ZN: [(" = (k-1)"]=n" Properties of Summation:

3 ; (i) zia'. +h }Ziﬂ‘ +zb|.
If m=1, then D [(K'—(k—1)']=n" ie. D l=n

L . ) Yaa-a¥a
If m =2, then Z[k:—[k—l}l}znz =

k=l
To Find the Formulae for the Sums

(i) Dk (iiy D& (iii) > &
k=1 k=l k=1
(i)  We know that (k —1)" = k" =2k +1 and this identity can be written as:

ke —(k-1)° =2k-1 (A)
Taking summation on both sides of (A) from & = | to n. we have

i[{kz-{k-—lf] = i{zk-l]
k=] b1

ie., 0= Eik—n (" y | =n)
£=1 k=1
or Zik =n'+n
Thus Eﬁl "{‘"H}
Similarly, we can prove easily
(i) zkz=ﬂ[ﬁ+l}{:2n+]} (i) Zk [H(H+U:|J
k=1

Example 26: Find the sum of the series 1" +3° + 5" + ... to n terms.
Solution: T, =(2k-1)° (14 2(k-D=2k-1)
=8k —12k7 + 6k —1

Let & denote the sum of n terms of the given series, then
S,=2. T,
b=l

or 8, =D (8K —12k7+6k—1)

k=1
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=Sik‘—lzik1+ﬁik—i]
k=1 k=1 b= k=l

_ E[n{n+l]|—|2_lz[n{n+1){2n+1}i-|+6[n{n+1}|:|_n
2 6 d 2

=2n"(n+1¥ = 2n{n+1)2n+ 1)+ 3n(n+1)-n

=2n"(n" +2n+1)=2n(20" + 30+ DB+ na(3n+3)-n

=2a(n’ + 20° + 0y = (20" + 3n+ D]+ 0(3n+3-1)

=2n[(n’ = 2n—=1)+n(3n+2)

=2n(n' =2n-1)+n(3n+2)

=n[2n' —4n—-2+3n+2]

=n[2n" —n]=n[n(2n* = 1))

=n’[2n" =1]

: N WP - S |
Example 27: Find the sum of # terms of series whose a™ terms is n” + Eﬂ'vi- —in +1.
Solution: Given that

. T |
I =w+=n"+=—n+l
2 2

Thus T, =k'+2k*+ 2k +1
3" "2

and S, = Z(ﬁh%k%éml]

k=1
:ik3+iik3+lik+il
k] 2.i:--l 2’.i‘—l ka |

i (n+1)? L3+ )2nt]) 1 xl:n{n+lfl

|-|+n
4 2 6 2 2

|
= E[n{nz+2n+1}+[2n“-+3n+n+{n+1}+ 4]

:%(nj +2n° +n+ 20" +3n+1+n+1+4)

:E[pﬁ +4n* +5n+6)
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. Sum the following series upto n terms.
(i) Ix1+2x4+3xT7+ .., (i) I*x3+3x6+5x9+ ...
(i) 1x4+2x7+3x10+ ... () 3x5+5x9+7x13+ ...
(v) DP+3+5+. (vi) Zx 1P+ 4x 2%+ 6x 3 +...
(vii) 3% 22+ 5x 3 + Tx 4" +... (Vi) 1 + (1 +2) +{1+2+3)+...

) PP+ 2P £ 25504

(X) 2x4xT7+3x6x10+4x8x13+...
2. Sum the series.

i) P-=2243 -4 . 4@n-1V-(2n)

¥ Fy® Pyt
e +

{ii) +... 10 1 terms
2 3
3, Find the sum to » terms of the series whose #'™ terms are given
(iy 3rr+n+l (i) n*+4n+1
4. Given n" terms of the series, find the sum to 2 terms.,
(iy 3 +2n+1 (i) »+2n +3

6.11 Real Life Problems involving Sequences and Series
IExample 28: Vehicle Arrival Sequence
Vehicles arrive at a toll booth at a rate of 4 cars every 5 minutes. Represent the number
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Simple Interest on Loan (Arithmetic Sequence with Particular Term)
Example 29: To buy furniture for a new apartment Tayyab borrowed Rs. 50,000 at 8%
simple interest for 11 years. How much interest will he pay?
Solution: Since 8% is the yearly interest rate, we have
Interest after one year = Rs. 50,000 x % «]= Rs. 4000

Interest after two years = Rs, 50,000 x % # 2= Rs. 5000
Therefore, we have the A P.
4000, 8000, 12000, ...
Here, a, = 4000, a, = 8000, d = a, — a; = 4000, n = 1]
Using the formula
a =a +(@n-1)d
a,, =4000 + (11 - 1)(4000)
= 4000 + 10(4000)
= 4000 + 40000
= Rs. 44000
Thus. Tayyab will pay a total interest of Rs. 44000 on borrowed amount of Rs 50,000
after 11 years.
Compound Interest on Loan (Geometric Sequence with Particular Term)
Example 30: Amna invests Rs. 200000 at 5% interest compounded annually, What
total amount will she get after 10} vears?
Solution: Let the principal amount be P, Then,

The interest for the first year = P x % = P(0.05)

The total amount after first year = P + P{0.05) = P(1 + 0.05)
The interest for the second year = P(1 + 0.05) = 0.05
The total amount after second year = P(1 + 0.05) + P(1 + 0.05) = 0.05
=P(1+0.05)1 +0.05)
= P(1 +0.05)°
Similarly, the total amount after third year = P(1 + 0.05)°
Thus, we have sequence of amounts
P(1.05), P(1.05), P(1.05)". ...
which is clearly a G.P., with
a,=P(1.05), r=105,n=10,a,,=7
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Using the geometric sequence formula

a,=ar"
“m=‘f"|"'m |
= P(1.05) = (1.05)°
= (200000)(1.05)" P = 200000
= (200000)(1.62889)
=325778.92
Thus, the total amount Amna will get after 10 years will be Rs. 325778.92
Grid Column Distribution (Arithmetic Series Sum of Terms)

Example 31: A web designer is using a 12-column grid system where each column
increases in width by 10px from the previous one. The first column width is 50px wide.
Find the total width occupied by all 12 columns.
Solution: This follows an arithmetic series with:

First term = @, = 50, Common difference = 10

Number of terms =n = 12
Using the formula for the sum of an arithmetic series:

5

b

%[Zal +(n— 1)d]

i g[z{sm +{12-1)(10)]
=o6[100+ 110] = 6 [210]
= 1260px
Thus, the total width of all 12 columns is 1260px.
Example 32: Motor Vehicle Leasing Using Arithmetic Sequence
A company leases a motor vehicle with the following terms:
»  The first monthly payment is Rs. 15,000
«  Each subsequent payment increases by Rs. 500 due to inflation adjustments.
«  The lease term is 24 months.
Find:
(i) What is the payment in the 24" month?
(i1) What is the total amount paid over 24 months?
(i) If the company can only atford to pay a total of Rs. 400,000, can they
complete the 24-months lease?

(iv) Find maximum months » such that total, payment § < 400,000,
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Solution: Given:
First term = a, = 15000
Common difference = d = 500
Number of terms = n = 24
(i) Payment in 24™ month:
Using the formula

a,=a, +{n-1)d
a,, = 15000 + (24 — 1)(500)
= 15000 + 23 = 500
= 15000 + 11500 = Rs. 26500

(11). Total payment over 24 months using the formula

5:

M

w3 | =

[ﬂfl + al?:l

[I!x.llt

> (15000 + 26500) = 12(41500) = Rs. 498000

(ii1) Can the company afford the lease? No. Total payments (Rs. 498000) exceed the
budget of Rs. 400,000 by Rs. 98,000.

(iv) Using: §, = g[lal +{n—1)d < 400,000
Substituting the values:
“;‘ [2(15000) + (1 — 1)(500)] < 400,000

i [15000 + 2501 — 250] < 400,000
n(250n + 14750} < 400,000
250m" + 14750n — 400000 < 0
n*+ 59— 1600 <0

Associated equation is n° + 592 —1600=10

. ~59+4/(59)° — 4(1)(~1600)

2(1)
-59+£99.4
n = —
2
—59-994 —59+50.4
NS —— ] —
2 2

n==792,n=202
Clearly n = 20 satisfy the inequality.
So, n = 20 is the maximum months such that payment §, < 400,000,
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P’ EXERCISE 6.11 _§

A sum of Rs, 10400 15 paid off in 40 instalment such that each instalment is Rs. 10

maore than the preceding instalment. Calculate the value of the first instalment.

An investor invests Rs. 150000 at an annual compound mterest rate of 6% for 8

yvears, Find the total amount will he get after 8 years.

The population of a town 15 4084101 at present and five years ago it was 3200000,

Find its rate of increase if it increased geometrically,

Determine the total worth of a yearly Rs, 5000 investment after 20 years if the

interest rate is 5% compounded annually.

A water tank develops a leak. Each week, the tank loses 5 gallons of water due to

the leak. Imitially, the tank is full and contamner 2000 gallons

(a) How many gallons are in the tank 20 weeks later?

{(b) How many weeks until the tank is half-full?

{¢) How many weeks until the tank is empty?

A drug company has manutactured 7 million doses of a vaccine to date. They

promise additional production at a rate of 1.4 million doses/month over the next

yedr,

(a) How many doses of the vaccine, in total, will have been produced after a
year?

(b) The general term a, describes the total number of doses of the vaccine
produced. Describe the meaning of the variable n in the context of this
problem. Find the general term a,

(c) Find the value of gy, and interpret its meaning in words.

At a toll booth, the number of vehicles passing through during the first minute

is 100. Due to road congestion, each minute only 80% of the vehicles from the

previous minute manage Lo pass.

(a) Represent the number of vehicles passing each minute as a sequence.

{b) Find the total number of vehicles that pass through in 15 minutes.

{c) What is the maximum number of vehicles that can pass in the long run (as
time ¢ —»a0)

Asum-of Rs. 5000 is inverted at 8% simple interest per vear. Calculate the interest
at the end of each year. Do these interests form an A.P.? If so find the interest at

the end ol 20 vears making use of this fact.
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A machine is purchased for Rs.20,000. Depreciates at 6% per annum for the first
four years and after that 8% per annum for the next six years. Depreciation being
calculated on diminishing value. Find the value of the machine after a period of
10} years.

B e

Twao cars start together in the same direction from the same place. The first goes
with uniform speed of 20km/h, The second goes at a speed of 12km/h in the first
hour and increase the speed by 1 km/h each succeeding hour. After how many
hours will the second car overtake the first car it both cars go non-stop?

150 workers were engaged to finish a prece of work 1in a certan number ol days.
Five workers dropped the second day, five more workers dropped the third day
and so on. It takes 10 more days to finish the work now. Find the number of days
in which the work was completed.

A radivactive product has a half life of 5 years. If the radioactivity level is 68
microcuries after 20 years. Determine the original level of radioactivity.

An object moving in a line is given an initial velocity of 4.5 m/s and a constant
acceleration of 2.5 m/s*, How long will it take the object to reach a velocity of
20m/s?

In an integrated circuit with an initial current of 1080 mA, the temperature in the




Permutation and
Combination

INTRODUCTION

History

Augustin Louis Cauchy
(1789 — 1857} is the father
of permutation.

In our daily life, permutation and
combination play vital role in counting
total number of possibilities, in
arrangements and selections of objects
or things. Permutation and combination

are used in many fields of sciences. For
Blaise Pascal and Pierre

example,
- : s de Fermat (1607-1665)
. In probability theory, permutation giive i e, fb. gonerts
and combination are used to s eoiblaatioes | o
compute how many times an ahjects.

event OCccurs in various scenarios
and used to estimate the odds of

Wllllflng 3 |DttE.‘r‘_i,f. Pascal and Leibniz arc
. In biology, these are used to find e Bl oF toadien

out the total numbers of possible asmbisaosics.
DNA sequences. : ‘

. In computer science, these are used to count the possible number of passwords of
a given length by using some specific characteristics.

¢ Moreover, these are the important parts of many encryption algorithms to ensure
the privacy and integrity of a data set.

7.1 Fundamental Principle of Counting
Danish wants to prepare invitation cards of 5 different
colours (red, blue, green, orange and vellow) by
changing any of 3 shapes {(circle. square and rectangle).
How many cards can Danish make?

The problem is to count the total number of ways in

[ P

Make a tree diagram and find
how many cards can Danish
malke?

which Danish can make cards. One way to find the solution i1s by making tree diagram.
Let us discuss another scenario: Danish’s father wants to buy a table and has asked his
son to help him decide. He narrowed down his options for manufacturer, types of
material (wood, plastic, glass and marble) and types of shape (circle, square and
rectangle). Find the total number of table choices from the above options.

Again the problem is to count the total number of ways in which Danish’s father can
choose a table.
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1* Way: By making tree diagram.

| Square | |[Rectangle| | Square || [Rectangle| | Square | | |Rectangle| | Square | | |Recangle|
Circle Circle Circle Circle

From tree diagram, it is clearer there are 12 choices for Danish’s father to buy a table
with one type of material and one type of shape.
2" Way: By multiplying, Danish’s father can find the total number of table choices to
buy a table with one kind of material and shape.
Total number of table choices = Total types of material » Total types of shape
=4 % 3 =12 choices

These examples show that when making a choice involving multiple stages or
categories, we can find the total number of outcomes by multiplying the number of
options at each stage.
Statement
Suppose 4 and B are two events, the event " 4" occurs in “m" different ways, and the
event “8" occurs in “#” different ways then the total number of ways that the two events
together can occur 1s the product of “m™ and “n".

Total number of ways = mn

Proof: Let A = {a,, a,, a;, -+~ . a,y and B= {h. b, by. --- . b }. Let P denotes the event

nht
that both events 4 and B occur together then Pl(a,, hj]: g A, e Blzizm 155
=<n! =4 = B, Hence the number of ways in which both events 4 and B can occur 15 the
number of elements in 4 » B which is man.

This principle can be extended to three or more events, For instance, if event 4 can
occur in m ways, event Beanoccurinnwaysand Epe . g
event C can occur in & ways, the number of ways It three dice are rolled together, how
that three events can occur all together is the ~Many fotal numbers of ways occur?

product of m, n and k.

Total number of ways =m x n x [
Factorial (1) (Histry |
Suppose there are four chairs to be occupied by four ~ The factorial notation (1) was
students and we are interested in counting all the :’;;rg::"’f;;jﬁ}h” 1;;1"*““ Kramp
i ! n

possible ways t!}ﬂ stu-:i@ts can be Eﬂﬂtf.‘{_li. Thiis nntation i frequently veed 4
To occupy the first chair there are 4 options. For the  solve permutation and combination.
second chair, only 3 students remain, so there are 3

options. Similarly. for the third and fourth chairs, there are 2 and | options respectively.
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In this way, we have to perform four independent events with 4, 3, 2. and | options
respectively.

By the Fundamental Principle of Counting. the total number of ways to occupy all
the chairs 1s4.3.2.1 =24

Such problems frequently occur in daily life, where we to multiply the first n natural
numbers: 1, 2, 3, -+ . .

We call this product the factorial of n and denote it by n! Or |n, thus for a natural
number n:

m=ln=nn-1}n-2).--3.2.1

For some reason we also define 0! = 1, In general if n is a non-negative integer, then
its factorial is denoted and defined as

wl=fri= 1 if n=0
i a(n—=0(n-2)..3.21 ifnzl
ke 2 Challcnget |
A1=21=2 ’ 7
3!'=321=6 Can you find out —1?
41=432.1-24 #
51=5432.1=120
61 =65432.1=720
It can be easily observed that
nt=nn-1) for n=1
1
Example 1: Evaluate % Example 3: Evaluate —
!
Solution: £= M= 56 Solution: N = {98'?}6' =
6! 6.5.4.3.2.1 6! 3! 6'(3.2.1)
Example 2: write 8.7.6.5 in the 91 9.8.7.6.54.3!
factorial form. —_—n ET = m=
Solution: 8.7.6.5= ——————— =— [ 987654321
3331 4l o o w2Bd00A3A1, g
6! 3! 654321321

¥V EXERCISE 7.1 4

Let us make paratha roll. We can choose our hillings from the folowing:

Meat: Chicken or bect Vegetable: Omons. tomatoes or cucumber
Sauce: Mavo or Chulney

How many different kinds of rolls can we make?
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2, Suppose we have 3 universities, and each offers 4 careers. Use a tree diagram to

figure out how many possible carcer paths vou can take.

3. Evaluate cach of the following:

; i ... 10! : 12!

(ip 7! (i) 9 (1) o (iv) E

9! ; 5! .. 10! w121

NTET RRNETETST RO TII T

: 121 20! o Bl Gt

(=) 31(12 - 3)! ) 201(20 - 20)! () o iy, Nl
4.  Write each of the following in the factonal form:

(i) B8.7.6.5 (i) 15.14.13.12.11 (iii) 19.18.17.16

. 1110987 10.9.8.7.6 . 50494847

(iv) ———— ¥V} —— Qi) S

54 54321 54321
(vil) n(n— 1} m—=2)(n—=3) (viit) (m+ 2)(n+ 1)}m¥(n—1)
{ix) i 3}(:::}2{1-'_ Yn) (x}) np=1)Yn=2)...(n=r+2)

7.2 Permutation
One important application of the fundamental principle of counting is to determine the
number of ways that objects can be arranged in order.
Definition: An arrangement of all or part of set of objects in a specific order is called
a permutation. Number of permutations of r (< n) objects taken from a set of n objects
is wrilten as "P or P(n. r).
n!
" (m—r)
According to fundamental principle of counting:
(i) Three books of mathematics for grades I, 2 and 3 can be
arranged in a row taken all at a time (If books are distinet)
P =P s
31 3!
" (3-3)! o
=31=3-2-1=06 ways
(ii}  Number of ways of writing the letters of the WORD taken all
at a time

L

whenr<n

0!=1

FEIEEIEIE]
CEEEEE)
FEEEEE)
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"B = 41’:: Von=¥ n = Total number of things/objects
r = The number of selected things / ohjects
4! 41
= == ;0=
(d4—4) O
=41=432.1=24 ways
Challeage! De you know!
Can you make total number of In 1974, “Emo Rubik™ invented a popular
permutations for the “WORD™ puzzle, each twm of the puzzle shows a
pictorially? permutation of the different colours. The

name of this puzzle is “Rubik’s Cube™
n!
(n—r)!
Proof: As there are n different objects to fill up » places. So, the first place can be
filled in # ways. Since repetitions are not allowed, so after placing one object we are
left with (n — 1) objects, thus the second place can be filled in (7 = 1) ways. Similarly

Theorem: Prove that: "P =n(n—1}n-2)..(n—r+1)=

the third place can be filled in (n— 2)ways, and so on. This continues until the #*

place which can be filled in n—(r—1)=n—r+1ways. Therefore, by the
Fundamental Principle of Counting, » places can be filled by n different objects in
nin—1)n—2)..0n—r+1)ways.
"P=nn=1)n=2)..(n=r+1l)
_ntn=1)n=2)..(n—r+1}n-r)!
B (n—r)!

s il
" n—r)!
Example 4: How many different 4-digit numbers can be formed out of the
digits 1, 2, 3, 4, 5, 6, when no digit is repeated?
Selution: The total number of digits =6

4

The digits forming each number = 4,
So, the required number of 4-digit numbers is given by:
6p, = 6! =E i 6.54.3.2.1
{6—4)! 2! 2.1
Example 5: In how many ways can a set of 4 different mathematics books, 3 different
physics books and 2 different chemistry books be placed on a shelt with a space for 9
books, ift
(a)  All the books are kept without any restriction.

=6.54.3=360




(b)  All the books of the same subject are kept together.
(¢)  Only the mathematics books are kept together.
Solution:
(a) All the books are kept without any  Reason for defining 0! = 1

restriction. o e i nt ol
Total number of books =4+3+2=10 ey et M e g
EEEEBLE G —
vV 9l wa nn=1) .. 3.2.I=n.-—-—| = =]
°R,=91=987654321 L
= 362880 ways

(b} All the books of the same subject are kept together.

a ip 2 iy = LI
PP PP =41.31.21,3 E@EE@EEE@@

=31.:24.6:2.,6

4! ways 3! ways 2! ways

=1728 ways
(c) Only the mathematics books are kept mgerhm §
‘B.P.=4) 6! I |

24720 EEE! EIEIEIEE
= 17280 ways Mﬁ'“mﬂ(_‘

Example 6: In how many ways 5 people are to be seated on a bench if:

{a) there are no restrictions Challenge! @ |
(b} two people can sit next to each other

(c) two people cannot sit next to each other.
Solution:

Find the number of ways if only
physics books are kept together.

(a) when there is no restriction, then ;‘:__ ' fBT'- ;3“_: {E‘.Ir_'
Number of ways="F =5!=120 Ba il e Bl
5! ways

(b) when two people can sit next to each e K oy

other, then 2 B e
i Af+Bf| cE pg p
=5 R iz rr“ ailiaWid
— " j": B L | hepallh St | ERTE IR e
41-21=24-2 21 ways 2 3 4
= 48 ways
(c) when two people cannot sit next to each other, then ( Tryyourself
= *P,—[2 can sit next to each other] 16 how dny g ays O phople
E are to seated on a table if 3
=51 -48=120—-4% canmot sit next to each other?

=72 way
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P EXERCISE 7.2
Evaluate the followng:
i “P i) °A (iii) P, (iv) "B
Find the value of # when:
(i) "Pi= 504, (i) BP.=15.14.13.12 11  (iii) "Ps:" *P2=540: 1
Prove from the first principle that:
(D "Pr=n."1P (ii) "Pr=""1P. +r. "™P
How many signals ean be given by 6 flags of different colours, using 2 flags at a
time?

From a deck of 13 cards, find in how many ways these are arranging n a
rectangular form? Hint (order is matter)

(1) All cards (11) 8 cards (1) 10 cards

In how many ways can the seven alphabeta ¢ f 1 @ u h be arranged in a row?
There are 8 men. Find the number of ways of amanging them in a row if*

{a) Two old men are at left side

(b) The youngest man is not at the rnght side

How many arrangements are there, if 6 books are arranged in a row out of 12
books?

Find permutation of 10 people sitting on a bench if;

(a) There are no restriction (b) 3 cannot sit next to each other.

In how many ways can a set of 4 ditferent blue pens. 3 different red pens and 6
black pens be placed in a rectangular form rack with a space for 10 pens if:

(a) All the pens are placed without any restriction

(b) All the pens of the same colour are placed together

(c)  Only the red pens are placed together

Hamza wants to distribute 15 pencils among 6 needy children in this way that the
voungest gets 4 pencils and others get 2 pencils. Find how many ways, there are
of arranging in a row form?

In how many ways can 8 books including 2 on English be arranged on a shelf in
such a way that the English books are never together?

Find the number of arrangements of 3 books on English and 5 books on Urdu for
placing them on a shelf such that the books on the same subject are together.

In how many ways can 5 bays and 4 girls be seated on a bench so that the girls
and the boys occupy alternate seats?
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7.3 Permutation of Objects Not All Different
Suppose we have to find the permutations of the letters of the word BITTER using all

the letters in it. The word BIT, T,ER consists of 6 different letters which can be
permuted among themselves in 6! ways.
We can see that all the letters of the word BITTER are not different. It has 2Ts in

it. After replacing 2Ts, we can see there are 2! ways. B IT.J,_TE.E R BITLTER

The replacement of the two Ts by T, -("11 W}'%‘/
and T, in any other permutation will

IFthere is 1, alike objects of one kind, #, alike

; objects of second kind and n., alike objects of
Hence, the number of permutations of J i 2 i _ disss
third kind, then the number of permutations of 7

the letters of the word BITTER taken all objects taken all at a time is given by:

at a time. it "
6!_6.5.4.3.2.1 . ways ntont.on ‘[n, HJ
2! 2.1

Example 7: In how many ways can be letters of the word ]M[SSISS]PP]_I be arranged

give rise to 2 permutations.

when all the letters are to be used?
Solution: Total number of letters in the word =11

MISSISSIPPL

| is repeated 4 times = 4! ways
S is repeated 4 times = 4! ways
P is repeated 2 times = 2! ways
M comes once only = 1! ways
11!

Required number of permutations = ——— =34650 ways
41.41.21 1!

Circular Permutation — :
AR p : The following circular arrangements are reflection of
The permutation in which the objects cyeh other and considered 4

A

are arranged in a circular order is same when anticlockwise and O
: . clockwise amangements are

known as circular permutation. e ey C B

Circular permutation can occur in two cases:

Case-1: When clockwise and anticlockwise arrangements are considered different
In a linear arrangement, changing the order of objects results in a new arrangement,
However, in a circular arrangement, rotating the entire circle does not produce a new,
distinct arrangement,
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For example, suppose three people A, B, and C are sitting around a round table. The
following three linear arrangements

A-B-C.B-C—-AandC - A - B are all considered the same in circular
permutations because each one is simply a rotation of the others.

We conclude that:

3 linear permutations gives | circular permutation.
; : i Lo 3% o :
3! linear permutations gives E.J! = 3 = 2! permutations.

Generalizing the above idea if n objects are arranged in a circle, the number of

I
- . ; o~
distinct circular permutations is —=(n—1)!
i
Case-11: When clockwise and anticlockwise arrangements are considered

identical

In many real-life situations, a circular permutation and its mirror image are not
considered different.

For example, if three beads red. blue. and black are arranged in a necklace, then an
arrangement and its reflection (as shown in the figure) are considered the same.

In such cases, we divide the total number of circular permutations by 2 to eliminate
symmetrical duplicates.

Thus, the number of distinct circular permutations is:

(n—1)!

2

Example 8 In how many ways can 4 persons be seated at a round table, while:
(1) clockwise and anticlockwise orders are different
(i)  clockwise and anticlockwise orders are identical.

Solution: Let A, B, C and D be the 4 persons.
1) If clockwise and anticlockwise orders are different

According to Case-I

The possible number of ways are:

A ¥ W W g Wiy ©

=3.2.1 =06 ways.




(ii)  If clockwise and anticlockwise orders are identical
According to Case-Il

The possible number of waysare=( 5 D ways /ﬁ }. ( ﬁ) (ﬁ ).
(4 1)| 3r ; m,./ \.»/’

2 2
3-2

=— =3 ways

¥V~ EXERCISE 7.3 4

. How many arrangements of the letters of the following words, taken all together

can be made?
(i) CURRICULUM  (ii) ADSORPTIVELY (iii) PROBABILITY

2. A girl has 9 marbles, There are 4 red marbles, 3 blue, and 2 green marbles, If she
arranges them in a row, then find in how many different arrangements she can
make take all at time?

3. In how many different ways can the following persans sit in a round table?
Hint (Solve according to both the cases)
(a) 8 persons {(b) 7 persons (c) 6 persons

4. In how many ways can 5 couples sit on a round table if no two women are sitting
together?

L¥ i

How many arrangements of the letters of the word ATTACKED can be made if

each arrangement begins with C and ends with K?

6.  How many 6-digit numbers can be formed from the digits 7, 7, 8, 8, 9, 97

7. 15 members of a club form 4 committees of 3, 5, 4, 3 members so that no member
is a member of more than one committee. Find the number of committees.

8, The D.C.Os of 1| districts meet to discuss the law-and-order situation in their
districts. In how many ways can they be seated at a round table, when two
particular D.C.Os insist on sitting together”

9. The Governor of the Punjab calls a meeting of 14 officers. In how many ways can
they be seated at a round table?

[0, Fatima invites 14 people to a dinner. There are 9 males and 5 females who are

seated at two different tables. Guests of one sex sit at one round table and the

guests of the other sex sit at the second table. Find the number of ways in which

all guests are seated.
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Find the number of ways in which 5 men and 5 women can be seated at a round
table in such a way that no two persons of the same sex sit together.

12, In how many ways can 6 keys be arranged in a circular key ring?

13. How many necklaces can be made from 6 beads of different colours?

7.4 Combination
Suppose, a teacher uses the names of few students to make a team for a writing
competition. Such as Ahmad, Sana, Hamza and Danish. As a combination of team
members, (Ahmad, Sana, Hamza and Danish) is equivalent to (Hamza, Ahmad, Danish
and Sana ). Because same students are in the combination. Consequently, vou have the
same team because the order of the name of
the students does not matier.

Ahmad | Sana | Hamza | Danish
Hamza | Ahmad | Danish | Sana

So, we are interested in the membership of the
team and not in the ways the students are listed (arranged).

Definition

A combination ol r objects taken oul of n objects 18 a subset of ¥ objects of a set of n
objects.

The number of combinations of # different objects taken  at a time 1s denoted by "C

» :
or C(n, r) or and 1s given by "C = —
¥ rliin—r)!
. n!
Theorem. Prove that "C =—.
rliin—r}!

Proof: Elements of a subset of r objects of a set of n objects can be arranged among
themselves in r! ways. So, each combination will give nise to »! permutation. Thus,
there will be "C, x r! permutations of n different objects taken r at a time that is:

"Crxrl ="P,
n! n!
= rx El = Lo s —/———
(n—r)! rli{in—r)!

; Need to know
Wincheormione e nrol (Needtoknow!
Corollary:

i r ; The furmulat‘."ﬂ and "Cr are also
(i) Ifr=nthen nc, = L SRS PRE known as counting formulae.
alln—n)!  n!0! Because, they are used to count the
o - possible number of ways without
(ii}y If r=0,then "Co= R il ] fisting them At

Oln=0)! 0Ol a!
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7.4.1 Applications of Combination in Real Life

Example 9: Zain has 8 different fruits. He wants to select 5 fruits out of 8 fruits to
make a fruit chart. How many combinations of fruits he can select?
Solution: To solve this problem, we have to find the number of combinations of 5 fruits
out of & fruits. In this situation, » = & and r = 5,

o !

rliin—r)!
After putting values
1 1
e, = 8! _ 8!
T 5K8-5) 51.3!
_ExTx6x5 ExTx B

SL3E 3

=8x 7=756 ways

Zain has 56 different ways to select 5 different fruits to make a fruit chart.

Example 10: In a school, a class consists of 12 girls and 8 boys. The teacher wants to

select 5 students for an activity. In how many ways can the students be selected

mcluding? (1) 2 girls {i1) 5 boys (ii1) 2 bovs

Solution: Number of girls = 12
Number of boys =3 A restaurant offers &

(1) Now let’s find the total number of ways to select students g 0urs of pizza. How

when exactly 2 are girls. miany ways are there to
12 ®1 12-11-1001 8®-7-6-5! select 2 flavours of
= : = 3696 pizza?

(IE{:‘?)(RQ)z ' =
21101 315! 2-10! 3.2-1-5!
(i) Let’s find total number of ways to select students when exactly 5 students are boys.
' | .76 5!
e, = 8t _ 3.=8?ﬁ5.=55
T S1(B-35)! 5131 513-2-1
(iii) Let’s find total number of ways to select students when exactly 2 students are boys.
o 8 12! 8-7-6! 12:11-10-9!
(3{'3}(l C‘}zm ’ = '
216! 319! 2-6! 3-2.1-9
7.4.2 Complementary Combinations
Theorem. Prove that: "C, ="Ci—r
Proof: If from n different objects, we select » objects then (n — r) objects are left.
Corresponding to every combination of » objects, there 15 a combination of (n — »)

= 36960
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objects and vice versa. Thus, the number of combinations of n objects taken r at a time
i5 equal to the number of combinations of 1 objects taken (n — r) at a time.

=" [ Note:
n! This result will be found useful in evaluating
T =) n—n+r)! Covhenr> 2.
|
R For example,
?‘!{H—r}.r X ; " 12.]]

(el W I‘C:.u=l-q:|p=l‘ca=( }{ }=6.I]=ﬁﬁ
=T 2

M=F #
Example 11: Find the number of the diagonals of a 6-sided figure.
Solution: A 6-sided figure has 6 vertices by joining any two vertices, we get a line
segment.

Number of line segments = °C> = 2o 15
214!
But these line segments include 6 sides of the figure
: number of diagonals = 15-6 = 9
Difference between permutation and combination
Permutation Combination
= Order is important. +  Order is not important
e.g., ab and ba are different (because eg. ab and ba are same
order of any object is matter) (because order does not matter)
*  Arrangement of objects = Selection of objects
¢.g. arrangement of’ e.g. selection of:
* ball of different colours * difterent colours
* English alphabet (letters) * members in a team
* people while siting on chairs * food ttems

Application of Permutations and Combinations in Cryptography
Example 12: Zain wants to generate a password for his laptop to secure the data. He
can take only 6 characters to generate a password. Each character can either be an upper
case letter (4 — Z) or digits from (0 — 9).
Can vou tell how many passwords can be generated by using the above letters and
digits:

(1) If repetition of characters is not allowed

(1i)  If repetition of characters 1s allowed
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Solution: Total number of letters = 26
Total number of digits = 10
Total number of letters and digits = 26 + 10 =36
n = total number of characters = 36
# = required number of characters = 6
(1) If repetition of characters is not allowed, we find out total possible permutations as.

v g 360 36!
T T (36-6)! 30!
_36-35-34-33-32.31. 30!
- 30!

=36-35-34-33-32.31
= 1,402.410,240 ways
Hence, 1,402,410,240 passwords can be generated by using the 26 alphabet and 10

digits. (If repetition of the characters is not allowed)
(1) If the repetition of the characters 1s allowed. Using Fundamental Principle of
Counting:

The total number of possible combinations = 36 x 36 x 36 % 36 % 36 x 36 = 36"

Hence, 36" passwords can be generated by using the 26 alphabets and 10 digits, If
repetition of characters is not allowed.

Application of permutations to estimate the odd of winning the lottery.
Example 13: A box contains 15 cards from (1 — 15). Danish is to select 5 cards. If all
the selected cards are the first five multiples of 2 then Danish will win the game. Find
Danish's chance of winning the game. when

(i)  Order is important (i) Order is not important
Solution: » = total number of cards = 15

r = required number of cards = 5
(1)  When order is important,

; 15!
Total possible ways="P = "P =
po Y5 i 5 {15 - 5J1
1
= il = 360, 360 ways
1M
Hence, Danish’s chance to win the game = —I- = 0.000002775

360, 360
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(11} When order is not important

n = Total number of cards = 15

r = Required number of cards = 5
Total possible ways = "C = ", = __Lt

P 5115-5)!

15! 15x14x 13x 12x 11x Wt
TS0 51, 107
C15x14%x13x12x11]
5w dx3x2xl

=3003 ways

Hence. Danish’s chance to win the game = L =(.00033

Application of Permutation and Combination to choose different sets of songs for
Certain Occasions
Example 14: On Independence Day, a DJ has a list of ten ditferent national songs. He
wants to select any five national songs for the day. Find how many ways he can select
and play the songs:
(1) I the order of playing the songs matters
(11) If the order of playing the songs does not matter.
Solution: (i)  When order matters
n = total number of national songs = 10
r = required number of national songs = 5
Total number of ways="P. = "P,

10! 10!

= =— = 30,240 ways
(10-5)! 5!
Hence, the DI can play the five national songs in 30,240 different ways,
(1i) When order 15 not matter

it = total number of national songs = 10
r = total number of selected national songs =5

!
Total number of ways = "C, = ''C, = L
TS (10-5)!
!
. 252 ways

T

Hence, the DJ can play the five national songs in 252 different ways.
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o

10.

11.

12.
13.

14.

P~ EXERCISE 7.4 4

Evaluate the following:

£ ! o (i) “C. (iii) 'C, (iv) '°C,

Find the value of n, when

o . S 14.13.12 i g i

{]} f-.., = (-'2 ':“] Cll - 31 ﬁll] ("i = Cm

In how many ways can five subjects be selected out of eight subjects to select a
course programme?

Find how many ways there are to choose vowel words from the letter of English
alphabet?

In how many ways 3 dishes of Desi foods and 2 dishes of Chinese foods be
selected from 6 dishes of desi foods and 8 dishes of Chinese foods?

From a standard deck of 52 playing cards, there are 26 black cards and 26 red
cards. How many different possible ways are made of eight cards if select 3 cards
of black colour and others are of red colour?

A bag contains 8 red balls, 7 green balls. Find the total number of possible ways
in which five balls are selected in a way:

(1) 3 red and 2 green {i1) 1 red and 4 green

(iii) 4 red and | green (iv) All the red balls

. How many (a) diagonals and (b) triangles can be formed by joining the vertices of

the polygon having:

(i) 5 sides (i) 8 sides (iti) 12 sides?

The members of a club are 10 boys and & girls. In how many ways can a
committee of 6 boys and 3 girls be formed?

How many committees of 5 members can be chosen from a group of 8 persons
when each committee must include 2 particular persons?

In how many ways can a hockey team of 11 players be selected out of 15 players?
how many of them will include a particular player?

Show that: *'C. + ¢, ="',

There are 6 men and 8§ women members of a club. how many committees of seven
can be formed?

{1}y 3 women (11) at the most 3 women {(i11) at least 5 women?
Prove that "C + "C_, =""'C,

|
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A locker of a bank is locked with four letters (A-Z). How many different
passwords can be generated if;

(a) repetition of the alphabets is allowed

(b) repetition of the alphabets is not allowed

Using a eryptographic system. a password i1s generated with 8 characters. Each
character can either be a lowercase letter (a—f) or a digit (—5). How many
passwords can be generated if each password must contain exactly 5 lowercase
letters and 3 digts?

{a) With repetition allowed (b) Without repetition.

An urn contains the first 15 English letters (A—Q). Sama is to randomly select 3
letters from the urn, She will win the game if the selected letters are the tirst three
vowel letters, Find the probability of Sania winning the game if

{a) The order of the vowel letters matters

(b) The order of the vowel letters does not matter

On Defense Day, Teacher | prepares a list of 10 national songs. and Teacher II
also prepares a separate list of 10 different national songs. The principal wants to
select 3 songs from Teacher I's list and 3 songs from Teacher [T's list. In how
many ways can the songs be selected if:

(1) The sequence of the selected songs matters

(11) The sequence of the selected songs does not matter.
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‘ Answers

EXERCISE 1.1

= R SO - e o JEJ_

(i () ¢ () i (iv) - 4 (1) [657{1'5 )] {11) [ }{m} (1.0}
.o =27 3H =17 7, TEORIE L e =44 117, 11 23
W gt Wt Wsey Smw

(i) 2145 (i) 149 (i) Y1354 (iv) 109109
EXERCISE 1.2
(i) x==1%,py=22 (ii)x=%y=06 (liijy==11,y=28 2 x=14,y=9
(i} x=%y=5orx=-9,y=-5 (i) x=12,y=20rx=-12,y=-2 {iii}) x=-?-l—.}'=j-?—
’ ’ S00 00
g=-2 § x=8y=3 a=2b=1 T. (1) 3-dior-3+4i (m) 3—for-3+y
; _ ; : l =37
{ili) 3=Géior=X+6i (iv) 12+ 5or=12-5i 8. 3{5—24@:—!} g, .1:=£,,1-'=E
—-24 3 5
r=— == Il. ==
29 20 2
EXERCISE 1.3
(i) (a+i2b) a—i2b) (i) (3a+i46)(3a —idb) (i) 3 x+iv)(x—iv) (V)9 dx+ 5y )(4x —i5y)
(V) (z=iz=1i} (vi) (z+3=2i)(=+3+2) (i) (z+2—i)(z+ 2+7)

(viii) {:—”j“l:-”?‘j
i) (z+2)(z—(1=i"B))(=—(1+5)) i {ZH} er'I 3+,3J

(i1t} {:—2}{2—%}{2+4&] (ivj{ "}[z+“'}{z—"*;;| +?;}
iv) {:—25}{:+2€}{:—1_}{2+!} ivi) (2+J_r){z—ﬁf_r}{:+ﬁf}(;—ﬁi]

faf &
Roots: 3,-3, 4/, —4  Linear factor: (z+3)(z=3){z+4i){z—4¢) 4. (i) :=Ef-:—§
(i) z= 24 121 (iii) z=3%7  (iv) 2==243F (v) z=—%:|:%r' {wi;:=5'Jc?‘r'4_I
i)

x= =22 4+6z-8Bz+24 6 x=10z'+302240 7. x=-3"+6+427 962+ 96

EXERCISE 1.4
i) [ 2m 267 i) 2. 2m,-2e) i) {3, 3@ 3@’ iv) (=3, 3w, 3o
v (4, da, 4&13‘, 2. 1) 6w i) 0 i) 4 w -1 v) =32

O A2x+4=0
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vii)

z.

16.

EXERCISE 1.5

i} i) iii}

1w} v vi)

viil)

b1

i} 5{coss3.13 +:‘sin53.13'} i) ﬁ[m&%h‘ain%}l iii) 1-{.1:05%“'5:':1%}]

4 -3 3 .
iv) 5fmsT”+fsinﬁJ o0 242450 i) T+_.:_h€j iii) ~6.47 -2.17
\ 2 ]

iv) —10.69-2.85i v) -243+286i  vi) 1.6R—1.09 vii) —12+0i
i) —654+1532 (i) —1.46+6.68 (i) 45[cmﬁ|]5r—f+jsinl];!jJ

fi \
(i) 3 cos Zisina™ | S i) L6224 (i)-1269 +1.01 (i) 74.64-19.25

12

e

(iv) %H}f 6. —1+if3 1. 5345 8 |z|=zﬁ,mg(z}=%”+2m

1
J’:'\HJ.'—Z\E-I-I 12. v=2 13 x=1 14 F=E 15. Ilﬂ(uus%—fsinr—z}

L
; SN Sl
Rectangular form: 0 + 13, Polar From: 18[-:13554- isin ?J

EXERCISE 2.1

L(a) () & (ii) -1 (iii) x* —4x+3 (v x' +6x° +8




B oo <»d> matscamatics (7
(b) (i) v—3 iy 3 (i) N2ZX—1  (iv) y22°+9

2 hYy [ .
2. iy 4 (i) }-cns[a+~;‘-]$1n[§-] (i)™ + 3ah+ h+3a + 2a
1 =

sinh P X
iv) 3 (a) A== () C=2Jzd (@ S=6v¥
b heosacos(a+h) * 16 W {LJ

4, (i)Domain g = {—0,),Range g= (—w,0)
(i) Domain g =[-2,%),Range g=[0,x)
(iiiy Domain g = (—oo,50), Range g=[0,00)
{iv) Domain g = (—0,) . Range g (—w%,50)
{v) Domain g = (—w0,=),Range &= (-=,2)w[7.%)
5. a=2,b=-2 6, Domaing = (—o,3) ' (3,%),Range & (—¢,—1)w{-1,%)
7. (i} {a) 3m (k) 17.5 m (c) 11.1m () x=2uxec
8. {iy Domain f ={—0,=),Range f= (-, o0}
(1) Yes. the tfunction is one-to-one, becanse equal ouputs implies equal inputs.
{uii} Yes, the function is onto when the codomain is all real numbers.
9. ¢(iy Domain f=R-{-1},Range f = R— {2} {ii) fix)isnotonto, 11 g(x)is surjective.
EXERCISE 2.2

(i) fii1)

(v}

Q.2(1)

(ii) (iii)




(v}

{wii)

(iii)

)

{wii)

{v)

(witi)

(i

(iv)

(vi)

(viii)

iwi)

Hlllc-ﬂh
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6. (i) {a) 30m (b1 17.5m (e} 1llm (i) 2seconds 7. (i) 14 months (i) 373.2
metres 8. 25 grams

EXERCISE 3.1
1.
(1) Minimum valueatx=—3is4 (1i) Minimum value atx=—-2is—4
(nijMaximum value atx=4is 29  (iv)Maximum value at x = 73 is %

.. . . . -1 . 169
{v) Minimum value atx= — 1 15— 16  (vi)Maximum value at x = r is '
2.

(1) Minimum value at x = 2 is — 4; Domain [ = (—=, =); Range f= [ 4, «)

(1) Mimimum value at x = % is _T]; Domain f= (—x, o); Range f= [_TI L)

(ui}Maximum value at x = 1 is — 7; Domain /= (-2, 20); Range /= (-~ 7]
(iv)Minimum value at x = 2 is (;; Domain /= (=, «}; Range /= [0,2)

(v) Minimum value at x = — | is — 9.3; Domain /= (-, =); Range f=[- 9.3.=)
(vi)Maximum value at x = -?l is ?; Domain f= (—=, =); Range /= {—m,%]
3.

(i) /' (x)= —+Jx+3 ; Domainf"' = [~ 3, ®); Range /' = (—=,0]

(i) ! (x) = =3—/5+x ; Domain /! = (- 5, 20); Range f' = (- 3, %)

(i) ! (x) = M kS "Izz_h-x : Domain /' = [~ 3, =0); Range /' = [2, =)

I+J3x 15
'.!

(iv)f ! (x) = : Domain /' =[71, w); Range /' =[5, =)

)/ (9= 3+ *7 < Domain /! = (1, 0): Range /' = [3, =)

(vi)y/! (x) = —4- . ) 1 Domain ! = (—e0,—5); Range /! = (—%.—4]
4.
() {22} (i) 4~ 1,4} (ii}{3-V5.3+51

(iv)

{3 ;ﬁl

3
CaT A

(v) 1—3,3)} {Vi}“_"w 3+:‘ﬁ-.«.“

(vii) H—JS_+3-.J§+3}} (wiil} ‘[—%,_JT+3]L.I|J€+3,3”




- Answers <9> Mathematics
EXERCISE 3.2

1.

(i) {1,

a+h 2

ab at+b

e L

b | =

MY (i) Ii‘*—f’ (vii) {4} (vii) {4, 20}
(ix}i2h  (x) 141 (x1)10.2} (xi) 10,3}

. . 11
(xiii) 2,4} (xiv) {2,3} {xv) l— i
2. 15 sheep 3. 97 dozen eggs 4. 6 hours
5.20 days 6. 0=s=4756 km/h 7. [0.586 sec, 3.414 sec]

Exercise 4.1

z =2 3] [ 1 1

Q.2() |2 0 -3 (|2 -3 4
0 -2 3| ) ey 3

-3 -2 5] -1 =2 1]
(i) 3 -5 -3 (|1 5 —3‘
-3 -6 4l 3 2 2|

Q.4
11 =3 -6 1]

-3 29 19 -5
—6 19 22 -4

14 -5 8 ]
(i) A4 =|=5 L (i1)

8 11 44| | =5 -4 3
=1 293 0]
iy 1 0 2 =2
-3 5 3 -
5 (i) X= 3-8l _; _; _13111
Q5 (i) X= 5k TI_! (i) |- =3 =

Exercise 4.2

1. (=21 (i) —148 (i) ~18 (iv)  9a%b=8" (v} —123 (vi) 4xvz
Q4 (i) Ay=-3,4,=0,4,=7[4=-5
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(1) B, =-2,B,=-1,8;= 2'|B|=-
Q.5(i) x=2or-1 (1) x=0o0r1 (ii)x=2o0r3

Q.7(1) 147, 0 (i) 0, 96

Qqﬂ-:%,.ﬂf :_4

Exercise 4.3

, 171l 2 2 7] -13 8 26]

2 5 5 § 3 3 3

Q.lﬁ} ] __1 ] [ii] i i __4 [iii} E __I __4

2 5 10 5 33 3

L . 2 -l

3 6 3l 5 5 5 L 3 3 3l

Q2() rank=3 (D Rank=3  (iRank=4

: .. (68 59 62) (8 ., -7
Q.3(0) {(1.0.1)} (ii) i[%%ﬁ;} “”}JI[ 2. ?]}

QAG) f(—s 10 11

1.1,0)} (ii) 1 ?’?‘EJ} (i) (L 1.1)}

) {(
Q.5(i f[E -9 E] Gi f[% 1 ﬁ] i [[ﬁ =l ﬂ]
Oz m ) Do) T T
Q.66G) {(0.0,0)} (i) x, =2t,x,=-r.x,=

(i) x, = =31, x, = 21, x, =1 for any value of 1

! for any value of' t

1611361 21]
7. A-41.B2.5. C0,-3) 8. A£(-6-41) 10. |22 |43 |26
151)| 49i)| 16l]
11. Hold Fire
EXERCISE 5.1
E{xl-- !}'lfx|+ 0 217+ 3'4{.1,-I- IJ:_xll_*i-[rjl-i}
-1 a0 5 4 13

Y e Ty WD ¢ Wb
& 3 .3 15
* 1T Bx—2)  4(x—4) " B{x—6)
a-h d—c Fondh
7 o +

qqqqqqq

(E=BWNL-B W+ (=W T-OW ) (B =N = W +d)




.
8. f'1+] 2 9, rf,,—l“ﬁz? tu.]—]+2,

% x—17 (x=10 £ x+2 @+ =1 a1l (aFlY

162 288 32
11. 21_2-‘-15{.1:—3} +25f.1-'+ 3~ 5{x+2}2
EXERCISE 5.2

o AEEEE B o A Y L R iR

sty JEFH T AT g THEEN T aateg

2 x+1 1 ¥+ x+1

'ﬁ.', - + Tl g - q +* 5

HeAD) "3 _evy T D gleny a1y
3 —1 i x+32 % x+14

© 36(x-2)

B +2) B +2)
EXERCISE 6.1
1.(i) 24, 28, 32, 36 (ity -3, -5,-7, -9
3
2) 8 11,14 ()35, 13 (i) 4.3, 06v) 1. 3.3

14

345 (vi) 1, 25, 5929 (vii) 4. 16. 36 (viii} -7, 28, —63
|

3.120 4(@)6n+ 1 (b) 10-3n () —7(d)11n—26

BT

EXERCISE 6.2
L) d=7:3037 (i) d=v5+325+42 2. (21528  (i)12.-1,-14
3.3n+7.4+6n 4()94()-47 5.75 6.No 7.58.25 9.62 10.7, 12,17, ... ; 502
Tn—4
7

10
) ;MNoYes 15,13

EXERCISE 6.3
2 9 32
L(i) 2. (i) &7 + & 2.1,21 jé;ﬁlﬁtﬁ% 4.5, 9095 7.0

12. 128 13. 164 14.(

EXERCISE 6.4
1.() 630 {ii}i{;%l 2.(i) 1300 (i) 230 (iii) 1932 3.22 4.14,51
5, 9m, [2em, 15cm 6. (0 n(3n~2) (i 50— 13) 7,650 8, 385

9, 200000 10,347+ 11+ ... 11,73 12.58, 11or 11,85  13.32
14.5,7,9, 11 or 11.9,7, 5 15.3,4,5,6.T ot 7, 6,5,4,3 17. 11

EXERCISE 6.5

=3 . . _579 579 —579 579
L. 7% 2.6561 3.54.(i)243,81,27,9,3 (i) 579,75~ 7. "5+ {¢

5.—64 6.2,6, 18, ... 23! H.'n.lllmn 9.2.6, 18or18.06,2 10.8]. %,FJ
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-kl
1222, 7, 12 0r 10, 7, 4 15 L2, 30017, 2,13 li_T

EXERCISE 6.6
|
| (i) 4ior—4i (i) 4or—4 (iii) Weor-3[6  2.6.12,2448 4.3 5 4 160rl6d
6. 2Rork 2
EXERCISE 6.7

%;;%,:; 14,1723,{5}3[ —-%(l—jr)] (ii}l[l!(lo"-l)-.]

a(1-b)(1 - ™ - b(1 - a){1-5") o1 t-s _k1-#"")
4.0) (a—b)(1—a)(1—-5) L klil —r 1-k

151 - i)
5. 8

EXERCISE 6.8
|, 14080 2 24— 1p31 3 (2a+30=3)"; 195  4(i) 6+ (dn - 6)2°

3 =1 4 17
{iij—{1 —(n+ 1}3n- + ,rjn-l] [m} 4 - —(4) _{3H Ti)

oo ~on- ol 5 @F-Se-23)-56)

21 + 1" + e
5.6 (i) 8.2 ‘”“_”;F S— 9+
2 3dl-xr)_ @n-lw 24y
l=x 1=y 1=x 7{1=x
EXERCISE 6.9
B AT 8 3 !

L 13
L) 75 () 7y 2-1.2.5-55 Wy ysneg +3
4, 10 .67 6.1 8.3 60rG 3 9,2 Rork, 2
EXERCISE 6.10
. 4 . + 134 ) S 3
1@ 3 (2 40 1) @™ iy i+ 17

11.

2
)3 @A +21n+16) () (4n?-1) (v ui{ﬂ}_

(vii) g (3n° + 16n% +30n +23) wiii}ﬁ’ﬁ%{ﬂ
(ix}%n{n+l){n‘+3n+2} () 5 (9n° + 58n% + 1350 +134)

2. (1) -n(2n+1) (i) 35 (4n® +15n+17) 3.6) n(n® +20+2) (i) g(20% + 150 +19)

4(iyn(8n2+10m+5) (i) n(4n> +4n® +5n+8)

EXERCISE é.11

l. Rs. 63 2. Bs. 23907750 3. 5% 4. Bz, 1735945
5. (a) 900 litves, (b) 200 weeks, {¢) 400 weeks 6. (a) 23.8 million, (h) 7+ 1 4n,
ic) 21 Toa) 100, 8064, 31.2, . (b) 482.4 (¢) 500 5. Rs, 8000
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9. Rs. 946822 10, 17 hours 11. 25 days 12, 1088
13, 7.2 seconds 14, 410.4mAd
EXERCISE 7.1
1. 12 kinds of ralls 2. 12 career paths 3. i) 5040 i) 362880 i} 90 ivy 1320

vy 36 vi) 10 vii) 25,200 vii) 110,880 ix) 220 x) 1 xi) 40,320 xii) 1440
! 3 5 '
. & pw i) 190 g L300 gy 100y S0y nt
41 10! 15! 516! 51 51 51 46! {r—4)!
!
viil) P+ iy (3 X) ik
{n—2)1 {n—Nk 5! (m=r+I)!

EXERCISE 7.2
L. i) 30,240 i) 200 i) S040 ) 720 02, 09 0y 5 i) 10 4. 30
5. 1) 6.227,020,800 i) 51,891,840 iy 1,037,836, 800 6. 5040 7. (a) 1440 (b) 35,280
8. 665280 9, a) 3628800 b) 3386850 1002 ) 6,227.020,800 h) 622 080 ¢) 239 500 800
11. 120 12. 3240 13, 1440 14, 2REQ
EXERCISE 7.3
1. i) 151,200 iy 479000,600 5} 9979200 iv) 10810800 2. 1260
3. a) case-I: 5040, case-11: 2520 ) case-1: 720, case-11: 360 ¢) case-I: 120, case-11: 60 4, 2880
5. 180 6. 360 TO12.612,600 8. 725760 9, 6,227 020800 ways . 967680

11. 2880 12, 3 13. 60
EXERCISE 7.4

L. 1 10 @) 56 ) 1 i) 120 .10 8 i) 14 ni} 15 3. 56 4. 65,780
5. 560 6 1TLO2B000 7. iy 1176 i) 280 i) 490 iv) 56 B.0) 10 4y 200 i) 54
9 1176 10,20 1L 1365, 1001 13 (i) 840 (uy 1016 i) 1008 15, (1) 358,800

(i) 14950 16, (i) 86400 u) 120 17 1'_1'}# ii}L 18. (1) 518,400 1) 14,400

2730 455
EXERCISE 8.2
x’ 11 15 20 60 96 64

X r= ry 3
Gt B 4 x =2 o 3P

L (i)

A 3 A T
(ii) 12847 448a°x | 6724°%" S560ax’ | 280 84l 14l X
i ' a o
> 6a’ 15 I5x 6x' ¥ : ;
) o Rl IR o A | T O M T SO0 (ii) 16.64966416 (i)
X X X & a i

002023968016 (iv) 4084101 3. (i) 2a% + 20050 + By (i) 724
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4. (W 16+32x—Fd -4 + 0 + 2007 - 2x' — 4T+ (1) 1 —do+ 1007 — 160 + 19x% — P + 10x®

3 — 15309
4"+ &0 (1) 151200% (i) - 41 [ Bdx? {iii} 4[}32f"—,i (vi462 x™ 6. (i)
¥
B ! — 13309 . : ; 43
iy o o X 8. (i) — 8064 (i) — (iii) 35
{nl) & 4
EXERCISE 8.3
; 1 2, 14 4 3 T | i Z A g AT g : i
1. )l—=x+=x"——x +.isvalidif <1 (i) 2——=x——x" ——x +...isvalidif
q 81 rx1 4 4 512
3 4 . i ; " : 34 ; : y
E.r “wla |xl < E (i} 1 —x+ 2% = 2"+, 15 valid if i.1| <1 (vjl+2x+ Ex' + 2x* +... s vahd

1
if |_T| < E 2, 1) 9.950 approximate (Correct to three decimal places) (i) 1010 approximate

{Correet o three decimal places)  (111) .33 1 approximate {Correct to three decimal places)
{iv) 0,935 approximate (Cormrect to three decimal places)

3 (=1 =2n (iiydn T. %
EXERCISE 8.4
6. (1) 0.3679 (Approximately) (1) 0000045 7. 56 8. Rs 12,616,000
9, 63 items 10. Rs 2928 200  11. 28 maiches 13, 180,160 tems
EXERCISE 9.1
1. (i) Quotient=3x+2 ., Remainder=4 (ii) Quotient =x* + 14x + 25 ,

Remainder = 54 (iii) Quotient=x"'+x*-2x+1 , Remainder= 18
(iv)Quotient = 5x* - 3x - 18 , Remainder= 12x + 71 (v) Quotient = 3x* + 4x —
3 . Remainder=-25x+9 2. (i) 20 (i) 10 ()5 (1v)91 (v) 10
3. (i) x+lisafactorof x> =1 (1i)x—2isafactorof x* - 5x + 6
(iii}x + 1 is not a factor of ¥* + x* + x — 3 (iv)x — 2 is a factor of X’ + ¥ — Tx + 2
(ivix — 3 is not a factorof * — 3 + 2 —x + 1
4 (D) (x=2)(x—1)(x+3) (i) (x+a)x—6)x+2)

(iiMx =20 x+3)x+ 1) (2x+ 3)
5. Quotient=x"-3x"-~x+ 1, Remainder =1 6. p=2g=—-1 7. k=18. k=8

9, [.1=_T:‘,c|=:2—] 10.a=-8.b5=—16

Exercise 9.2

I. 26.25% 2. x=-lisavalidpoimt 3. x=2 lies on the curve
4. x+11snota factor of p{x) 5 CRC=20 6. (1) Remainder = 1
(ii} System response in not zero whenx =1 7. 43
8. System response in not zero when /=4 9. Received message is not error-free, because remainder
15 non-zero. 10, Code word is not valid, because x — 1is not a factor of C{x).
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EXERCISE 10.1

1. 1) %—i i) -1 iii) 2 iy -2 ¥ ﬁ Vi) _TI 20 —cos 12%6) —sin 12 i) cos 27
ivitan 33" v) sin 13° vi) —sin 39° wii) —cot 33°  viii) —sind1® %} sin 3°
Exercise 10.2
g oy Bl o B o Bt Bl 1o 1B
: 02 22 V341 02 02 1-4/3

56 33 56 16 63 16

The terminal arms of angles of measure and o + 8 and o — 8 are in 11 and 1 quadrants

respectively,
q
0. 2.3 ii}g.% 14. i) 13sin(at g)tang=13  i)5sin(@+ @)tang =3

N2 sin(@+@)tang=—1 iv) J&T1 sin(6+p), tanp = —% v) /2 sin (@+p), tan

w =1 vi) Jﬁsin{ﬂ +d), tang = :.Ej

EXERCISE 10.3

] 2 G 24 7 24
1. 't,l:sinza-—%,ms?_a-—%,:anza——% |1]51n2cr=55~msl‘.af——f..tan2f.t=—7
3 - 4 cos 260+ cos 40 5—1
14, gt g e - 08 5.4 sin 13°=3r4— SGeE T H)winsee =
8§41 104+ 245 . . 10— 24/5 ,
5.f-4_ = ¢os 367 i) cos 18 = 34@ = 5in 727 iv) cos 54° = 54@ = sin 36%

EXERCISE 10.4

isin T8 +sm 38 ) cos 58 cos 98

3=

1. 1} sm4f+sin2d i) sin 87 sin 26 1i1)
1. ; ol T | i sl i
vl 5 (sin 2x - sin Zy) vlji{cc}sih +eos 607) vii} 5 (cos 34" - cos 587) wiii) 5 (cos 90° - cos 2x)
a4 30

2. i) 2sindfcosd i) 2 cosedsin 28 i) 2 o8 5 €08 vl =2 sin 40 sin 34

v 2 eos 300 cos 18 wi) 2 sinx cos 300
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Exercise 11.1
1. {i) even (11) neither even nor odd (i1t} even  (iv) netther even nor odd (v} odd

5
{vi) odd (vii) even (viii) even 2. (i) % (11} ZTR' {iin} % (iv) 2m (v) ﬂ (vi) Sm (wvii)
T

4TE {viii‘]% {ix) 30 (x) %T (x1) 30a

Exercise 11.2

1. (i) i)
(i) . . (iv)
v) (vi)
i - -
. i (ii)

Exercise 11.3

3 -1 3 1
1. {i) Max=4, Min=2 (i) Max=4, Min=2 ({iii) Max=E,Min=? (iv) Max=;,Min=E

i

| | |
(v} Max=4, Min=-2 (vi) Max=3, Min=—1 ({vii) Max=§ . Min= E (viil) MM:E 5

Min=-—} () Max=—, Min= E 1. (a) maximum temperature= 21.5 . minimum
temperature= 8.5 (b} Temperature at 9 AM =889 3, distance=36,78m 4. height=30.92m

5 da) a’r{:]:—jﬂms{%:}jﬁ (b) 66 feet () 63.72feet 6. (a) 27m (b} 0.3m

(c) %M‘{:Dnd (d) .05 second 7. (a) Mr}=28—20cus(%:] (b} 28 feet

(c) 37.87sand 82135 8. (a) 6966 F (b) &hr (¢} 72°F 9. (a) &3000
{b) 80000
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EXERCISE 12.1

L (1) 2 (uy0 (i) %{iv} % 2 () 1o ()5 (i) 4 (@v)0 (v 0 (vi) %
L2 (4 Gi) = MO0 W - G (i) e () =
.1 {11 (i 5 {iv}) (v) 3 vl vii) EWE (viii) N,;
Sl i i ; T : o ; - :
(ix) —a"™ 4, (1) 5 () — (1) 0 (v) 1 ) — (vi)1 (wil) 2 (ix)0

] 180 b

L]
(x) 1 (xi) % (xii) —% 5. (i) ¢ (i) e (i) 2 (iv) ¢ (v} & (vi)e'
2

{wii) e (viii) L, (ix) l (x) —1 (xi} l
& 4
EXERCISE 12.2

1. (1) =2 (0G0 2. (1) f1s discontinuous at x = 2 (1) fis discontinuous at x = |
3. (i) fis discontinuous at x =2 (ii)  fis discontinuous atx=-2 4. c=-]

5. (1) m=1,a2=3 (i) m=4 6. k== T. fix)isdiscontinuous atx= 1

6
EXERCISE 12.3
1. 0 2 10000010 3. 500 4. (1) 10 (i) 0 5 (1) = (i) 82.44
. ves 7. (i) 16.18% (i) 13499 8. yes

y " vy 12 . 1 , 1 ¥
3o 20 (u4d (m) 5 (v) 0 (v} =1 (viy1l  (wii) E‘E (viii) lﬁ

(x) Za™ 4 () 5 (i) 2= GO0 (V)1 ) = (wi)l (vii) 2 (ix)0
" | 50 b

EXERCISE 12.4

1. 10% 2. 15% 3. &% 4. 1400 5. 18000 6. Year | =4800, year 2= 3600
7. depreciable cost = 90000 , vear 2 = 24000 8. 2250 9. 2667 10, 67500
11, Year 1 = 32000, Year 2 = 22404

EXERCISE 13.1

-1 I e e s o 1
I (1) 4 {ii}‘ﬁ_ﬁ fLJl]n—*z"x"" (V) 2x—3 L “]4\1’5{"}_4{‘«:"*

3. [i}% (i) 2e+2 4 (1) (i)  12x+3)y (i) Ta(ax + b)

—=b
(3x—-2%

1
S8 y=8x+13 6 -5 yp=-S3x—87 l.y=-—"5x-—§ 8 B 9‘.{".6_1?=.r+9




- <> -

10, (a) 28kmih (b} I—;km.-‘h 11, =2ftsecl2. 8°c/hr 13, (i) not differentiable (i) not
differentiable

EXERCISE 13.2
. . . 1 1 8 o1 —3x
L (i) 4 + 6o + 2x fu}—?-(ﬁ +’.__ﬁ§) [m}m EWJ'E (vil—2xt+ ¥

i+ L = 3) +2

(vi)8—-2x {vii} = I fnu(tz 7 5§ b R fx'“ T

—2y It — 2™ _3x+ 2 ¥—3x+3x-1

—a
—_— i -2 - e ey e
=) ya—x(a+x)*" ) \Ixz + 1 (=192 E\Ir;r {'\J'._'— 1y 2\5{ fx"? = x17)

EXERCISE 13.3

dv=15F-6r+1 5. Max. stress = 100, Rate of change =0

6. {a)Pix)=—10x7+ 7000 = 2000 (b) Rs. 400 (¢) 35 units

8. (a) 2940 (h) 27440 (¢} as time increases rale increases

11. (a) 152mds (B) 96wt (c) =047 secand 1= 113 sec 12, (a) 72hmih (B) —12kmitt
(e} 2.5hkrs 13, (a) 292Pafm (b)x=11.55m ({c) increasing 14, (a)r=1ddm

(b) Rs, 15625057 () 191686.6 units/m
EXERCISE 14.1
L (@) i=9) (ii)13i-27-22k (iii)273

=1 -2 2 1 -3 4 1 +£4J17
Z{:]‘?”Jr = ?fu}ﬁT _—~§{iij}lﬂ;?~§-i} = 3
1 4 & 1Ti-12j-16k 15 MW .5

Ml et T = &li) =it —=Ji-T—=#%
4.-gi+qi-gk 5 M;m ﬁﬁl@ﬁ*@.? @
(i} — %a+é;+%§ [ et 1 i

> 4, 4 2 4, 4 =5+ 1015k
%a) Fi-z3itzkand-—3i+3/-34& (B)-3 {c}T

i NE]

3 . 632 . 4 2 _
{dy a= X b= 3 10. 10+/179 kilometers  11.4i) 77 ?{ll}_w@ -3\5 =3
12, Only the triple (i) 457, 60°, 60° satisfies the condition for direction angles

of a single vector,
EXERCISE 14.2

14 ) -1 -1
1.(i) 3":,!_— (ii) —'E_‘Ea mi}\fmﬁ“ “”ﬁ
16 . 32 b 12

L3
2.(1) Projection of g along & — 77 ! IE; 31 51 k& : Projection of b along o ~3 ’"7-‘“

4
gk




= 2 manensics (L

5., . ] .
(i} Projection of o along b % i+31+ % k : Projection of b along «: % = ;—g s é—g

k
i 3

3 ) 1or— 7 4 2ot -3 5 zero vector

6.{i0) The points P4, -1, 2), (1, 3. =1), Ri—2, 4, 6) do not form a right triangle.

9,56 Nm o 10, 32 M |L%Nﬂ:

EXERCISE 14.3
Liygxb==3i-3k ; bxag=3j+3k(iDaxb=5i+3j-Tk bxag=-3i-3/+7k
(iiyaxb=-Ti-Ti hxa=Ti+7j (iVyaxbh=3i-6Ek ;bxa=-3i+6k

21i-9j-11k g3 Ti+2i+5k R ik
i) @ 151"9_‘\}'6_44 {iiy '\!?_ﬂ .h]ﬂE}—@{lll} ‘\JE ,hln{}— 1
13i+ f+22k af 3
{i\'}_TéT'i—* csin @ ='HI'% 3D 3\'23 square units (ii) 'SJ'EE square unils
i) 5\5 square units (ii) 4/237 square units (jii) 4/ 190 square units

8. = % e % 6.(i) Parallel vectors: y and w ; Perpendicular vectors: No

(i) Parallel vectors: w and w ; Perpendicular vectors: u and v ; v and w
11. Conclusion: At least one of the vectors g or & 15 the zero vector.
13 48 i=47+30k 14, <147=14% 15 3i+37+3&16. 15715715k

EXERCISE 144

1.4i) 25 cubic units (i) 14 cubic units (iii) 10 cubic units 4.41) % (i} =1

Gladiy 4 (I3 (i1 (ivi0 70 % cubic units (i) %cubiu unins

301 ;
10. 1630 11 1507 — 100 & (in pound feet) 12.@ meters

13. Bs. 532500, which 1% the total revenoe from the sales of all items.

14, =207+ 110,/ + 50 & N 15.4a) [500, 300, 2000, [500, 400, 2000] (b) Rs. 770000




Glossary

Complex Numbers: The numbers of the form 2=a+ih where a.be Jr-f‘?, and F=4+—1_ are called
complex numbers,

Conjugate Complex Numbers: Let Z2=a+ it be a complex mwrler, then o —ib iz called the complex conjugate
of g + ih, Complex polynomial: Complex polynomial Piz) 15 a polynomial function of the complex vanable 2 with

vomplex coefficients. I iz expressed in the zeneral form as: P{z) = -CT”Z” +a,,z A Atz +a,.
Leros of the function: 1T P2) is a polynomial function, the values of = that satisfy Mzp = 0 are called the zeros (or

roofs) of the function,
1+43i 13
and
2

2 2

Imaginary cube roots of unity: The numbers containing § are called Complex munmbers. 5o are

called complex or imaginary cube roots of unity,
Elements of the matrix: The numbers vsed in rows or columns are said to be the entries or elements of the matrix,

Order of matrix: A bracketed rectangular amay of mes elements a, (i =1.2,3,....m j=12,3....n),
arranged inom rews and o columns 15 called an m by 2 matrix (written as 875 0 matnix), where B R s called
the erder of the matrix.

Row Matrix or Hoew vector: A maotrix, which has only one row, ie. I=xn marix of the form

[-ﬁ-'j:I ﬂr‘l iy e an] 15 said to be a row matnx or a row vector,

Rectangular Matrix: 11 #8 3= 17, then the matrix is called o rectengular matrix of order B2 17 that is, the matrix

i which the number of rows is not equal to the number of columns, 15 said te be a rectangular matrix.

Square Matrix: [{m = w, then the mutrix of order P75 17 15 said (o be a square matrix of order r or m. e, the
matrix which has the same number of tows and columns is called a square matrix.

MNull Matrix or Lere Matrix: A square or rectangular marrix whose cach element is zero, 18 called a mald o Zereas
R,

Transpose of a Matrix:  If 4 15 a matrix of order 7% B then an 17 8 matnx obtained by interchanging the
rows and columns of 4. is called the transpose of A. 1t is denoted by 44

Inverse af a Square Matrix of Order n2 32 Let 4 be a non-singular square matrix of order i If there exists matrix
Bsuchthat A8 = BA = -’". then B is called the multiplicative inverse of A4 and 15 denoted by A"I :
Partial Fraction: Expressing s rational function as a sum ol partial fractions is called Partial Fraction.
x ] o
Rational Fraction: The quotient of two polynonals g%;} wherne Chxy = 0, with no common factors, 15 called a

Ratwonal Fraction.

Proper Rational Fraction: A rational function @[‘ﬁ i5 called a Proper Rational Fraction if the degree of the

polvtiormeal M) in the numerator is less than the degree of the polynomial Cixy in the denominator.

Improper Rational Fraction: A ratienal fraction %‘} is called an Improper Rational Fraction if the degree of the

polynomial £{x) in the numerator is equal to or greater than the degree of the polyvnomial @ix) in the denominator,

Irreducible Factor: A quadratic factor 15 irredueible it it cannot be written as the product of two linear factors with
real coefticients. For example, »° + 5+ 1 and x*+ 3 are irreducible quadratic factors.




. < WD

Fundamental Law of Trigonometry: Let o and & be any two  angles {real pumbers), then
cos{er — f7) = coser cosff + sing sinf which is called the Fundamental Law of Trigonometry.

Allied Angles: The angles associated with basic angles of measure @ to s nght angle or its moltople are called Allied
Angles.

Function: A function is a rule or correspondence, relating two sets in such a way that each element in the
first set corresponds to one and only one ¢lement in the second set.

Domain: A function £ from a set X to a set ¥is a role or a correspondence that assigns to each element x in X
a unigque clement yin ¥, The set X' is called the domain of f

Range: The set of eorresponding elements y in ¥ is called the range of /.

Even Function: A function [ is said to be an even if f(—x)} = f{x) . for every number x in the domain of [

Odd Function: A function [ s said 10 he an odd if f(—x) = —{(x) . for every number x in the domain of
Veetor: A vector 15 a guantity that has both magnitude and direction for examples displacement, velocity,
avceleration, weight, force, momentum, electric and magnetie felds, ete.

Sealar: A scalar is a quantity that has only magnitude or size, such as mass, time. density, temperature, length,
volume, speed work etc.

Uit Vector: A unit vector is defined as a vector whose magnitude 15 unity.

Orthogonality of Two Yectors: Two non-rero vectors woand v are perpendicular if and only if g = vy =10,
Hypothesis: A hvpothesis is an educated goess or proposed explanation for a statement based on Bimited evidence,
Induction of Hypothesis: 1t vefers to the process of formulating a general statement or hypothesis based on specific
examples or patterns observed in particular cases.

Binomial Expression; An algebraic expression consisting of two terms such as a+x, x — 2y, av + b efe., 15 called a
binomaal or a binomial expression.

Factorial: Factorial is 2 mathematical operation that multiply a number by every positive integer below it tll 1.
Permutation: A permutation of » difterent objects taken #(= 1) at a time is an arrangement of the » objects.
Circular Permutation: In civcular permutation, there are (0 — 13 ways for n distinet things or objects because
i circular onder, arangements of things | ehjects can be rotated (0 — 11! times,

Limit of & Function: Let a function /1 x) be defined in an open interval near the number “a” {need not to be at “a™,
[f, a= x approaches “a” from both lett and nght sides of o™, f{x} approaches a specific number “L”, Then “L" iz
called the limit of f{x) as ¥ approaches to a.

Divergent Sequences: A sequence is divergent of it does not approach a fitute value.

Muonotenic Sequences: A sequence 158 moenolonic 1010 s either entirely non-increasing or non-decreasing, Monetonic
sequences often converge, but not always,

Bounded Sequences: A sequence is bounded if there exists some real number M such that lanl = M| for all n. A
hounded sequence may or may not converge.

Arithmetic progression (A.P): An anthmetic progression is a sequence in which each term after the first is found
by adding a constant fo the previeos term. This constant is called common ditference of the arithmetic progression
and is usually denoted by'd".

Series: The sum of the terms of a sequence 15 called the senes of the corresponding sequence.
Geometrie Progression (G.P): A peometric progression or geometrie sequence i3 2 sequence in which each term
after the first 15 found by multiplving the previous term by a nonzero constant # called commaon ratio,

Arithmetic seometric sequence (AG.S): A sequence which is formed by multiplying the cormesponding terms of
an AP, and a (P, i= called anthmetic-geometric sequence.

Quadratic function: A guadratic function is & polvnomial function of degree teo. IE s ypically expressed in the
standard form: f{x) = o + br + ¢, where g, b and ¢ are real numbers, and o £ 0.

Polynomial function: A polynomial in ¥ is an EXPTESSI0N ot the form

sl

fJ!”.h‘.‘” +a x T +a .zx" ® 4, 1-:.’1.31‘.‘: +an X+, a, (0 . where mis a non-negative mteger and

=1 ]

il

the coefficients a_,a e

1% i and dy are veal numbers,
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